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Ultrasonic flowmeters

Context:
Ultrasonic flowmeters are a non-intrusive
non-invasive tool for measuring the flow rate of
fluids through a pipe.
Problem:
However, water extracted from natural bodies of
water contains particles which disturb the
propagation of the ultrasonic waves.
Contribution:
To construct a mathematical model for the
propagation of ultrasonic waves through a fluid
carrying particles.

Figure: Ultrasonic flowmeter
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A simplified model: the domain

Mathematical model for understanding the problem.

∂Θ

Σ−L ΣL

Ω

O

Vpe1
Vf e1

Obstacles O ⊂⊂ {x1 ∈ (−L, L)}.
Fluid Ω, truncated domain
ΩL = Ω ∩ {x1 ∈ (−L, L)}.
Pipe wall ∂Θ.

Vf - “free” speed of the fluid.

All particles move with velocity
Vpe1.
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A simplified model: the acoustic field equations

Convected Wave equation where
Dt = ∂t + Vf · ∇, Vf fluid
velocity: .

ρ0Dt(c
−2
0 Dtϕ)−∇ · (ρ0∇ϕ) = 0

Change inertial frames so that
particles are stationary.

Replace Vf by V = Vf − Vpe1,
relative fluid velocity.

Assume V is steady,

Convected Helmholtz equation
where Dω = −iω + V · ∇:

ρ0Dω(c
−2
0 Dωφ)−∇ · (ρ0∇φ) = 0

Ultrasonic flowmeter source:
∂nφ = f .

supp(f ) ∂Θ

Σ−L ΣL

Ω

O

Vpe1Vf e1

The relative fluid flow V depends
implicitely on O and Ω. Two sequential
problems:

1 Create a realisation O.

2 Solve for V

3 Solve for φ, with Dω given from V.
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The flow model

Non-dimensionalise the problem,
V = c0M.

Assume that V is steady
irrotational incompressible
potential flow.

V = c0M = c0∇U = c0∇uinc+c0∇u

where uinc(x) = M̃x1 =
Vf −Vp

c0
x1.

O, ∂Θ are impenetrable.

∂Θ

Σ−L ΣL

Ω

O

(Vf − Vp)e1


−∆u = 0, in ΩL

∂nu = −∂nuinc, on ∂O
∂nu = 0, on ∂Θ

R.C. on Σ±L

Mach flow given by M = M̃e1 +∇u.
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Fluid potential flow


−∆u = 0, in ΩL

∂nu = −∂nuinc, on ∂O
∂nu = 0, on ∂Θ

R.C. on Σ±L

(1)

where uinc(x) = M̃x1.

Well-posed in H1(ΩL)/R.
Solutions are smooth
||∇u||L∞(Ω) ≤ C(Ω,O)M̃.

Convected Helmoltz needs
M = M̃e1 +∇u subsonic.

Theorem

Assume that all particles {Oi}i are smooth and define:

r = min
i

ri , d = min

(
dist(∂O, ∂Θ),min

i ̸=j
dist(Oi ,Oj)

)
where ri denotes the radius of the ith particle. Then for uinc(x) = M̃x1 there is
a unique solution u ∈ H1(ΩL)/R for Problem (1) and there exist a constant
C(d/r) such that:

||∇u||L∞(ΩL)
≤ C(d/r)

M̃

r
.
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Acoustic potential problem

Let M be an incompressible uniformly
subsonic vector field with:

||M||L∞(ΩL)
< 1

M · n = 0, on ∂Θ

M · n = 0, on ∂O

supp(f ) ∂Θ

Σ−L ΣLΩL

O

Let f ∈ H−1/2(∂Θ) have a compact support in ∂Θ ∩ ΩL. Denote by
Dk = −ik +M · ∇. Find φ ∈ H1(ΩL) such that:

−∇ · (∇φ− DkφM)− ikDkφ = 0 in ΩL

∂nφ = 0 on ∂O
∂nφ = f on ∂Θ

(∇φ− DkφM) · n = −T±φ on Σ±L

(2)

where T± are DtN operators derived from assuming uniform flow of Mach
Speed M̃ in Ω \ ΩL.

Theorem

Let f ,M be as above. Then Problem (2) is of Fredholm type and is well-posed
except for a countable collection of wavenumbers.
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No particle case: O = ∅

The problem for the incident wave φinc is given
by setting Dk = −ik + M̃∂x1 :

(DkDk −∆)φinc = 0 in Ω

∂nφ
inc = f on ∂Θ

(∇φinc − DkφM̃e1) · n = −T±φ on Σ±L

We solve this by a Green’s function G .

φinc(x) =

∫
∂Θ

G(x , y)f (y)dσ(y)

G(x , y) =
∑
n

cn(y2)

2iγn
e iγn|x1−y1|+iκ(x1−y1)cn(x2)

Figure: φinc in frequency domain.

Figure: Time domain.

φinc(x1, x2) =
∑
n

cn(h)

2iγn
In(x1)cn(x2), In(x1) =

∫
∂Θ

e iγn|x1−y1|+iκ(x1−y1)f (y) dσ(y).
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Finite Element Implementation

(a) k = 4000 diffracted field (b) k = 4000 total field

Figure: Frequency domain of problem with particles.

Figure: Convergence of FEM,
relative error to kh = 0.2

Waveguide is 0.1m × 0.05 m with particle
radius r = 0.5mm and 3% particle volume
density. FreeFem++ with Domain
Decomposition and Petsc.
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Periodic Homogenisation: formal expansion

Periodic distribution of
particles, ε = size of
cell.

Vp(ε) depends
on ε.

supp(f ) ∂Θ

Σ−L ΣL

M̃εe1

Figure: ΩL,ε the perforated domain

O
Y

Figure: Y the
periodic cell

φε(x) =
∑
j≥0

εjφj

(
x ,

x

ε

)
, uε(x) =

∑
j≥0

εjuj
(
x ,

x

ε

)
, ,Mε = M̃ε︸︷︷︸

:=
Vf −Vp (ε)

c0

e1+∇uε

Write the Convected Helmholtz equation as: Formal expansion gives the
following homogenised equation:

−divx(A
∗∇xφ0)− 2ikM∗ · ∇xφ0 − k2ρ∗φ0 = 0, in ΩL,∗
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Formal calculation of Tensors

−divx(A
∗∇xφ0)− 2ikM∗ · ∇xφ0 − k2ρ∗φ0 = 0

Expand out the various tensors:

Aε =
∑
j≥0

εjAj

(
x ,

x

ε

)
,Mε = M̃εe1 +∇uε =

∑
j≥0

εjMj

(
x ,

x

ε

)
.

Can show through Aε = Id−Mε ⊗Mε that:

A0(x , y) = Id−M0(x , y)⊗M0(x , y)

Corresponding cell problem to find wi : ΩL,∗ → H1
#(Y ) with:{

divy (A0(x , y)(∇ywi (x , y) + ei )) = 0 in Y

A(x , y)wi (x , y) · n = −n · ei on ∂O

A∗
ij (x) =

∫
Y

ej ·A0(x , y)(∇ywi (x , y)+ei ) dy , M∗(x) =

∫
Y

M0(x , y) dy , ρ∗ =

∫
Y

dy

Remark

The effective tensors A∗,M∗, ρ∗ depend only on Y and M0.
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Weak convergence of the flow problem


−∆uε = 0, in ΩL,ε

∂nuε = −M̃εn1, on ∂Θ ∪ ∂Oε

R.C . on Σ±L

(3)

Theorem

Let uε solve Problem (3) and suppose M̃ε → M̃0. Then (up to a subsequence):

Tεu
ε ⇀ u0, in L2(ΩL,∗,H

1
#(Y )), Tε∇uε ⇀ ∇u0 +∇yu1, in L2(ΩL,∗ × Y ),

where (u0, u1) ∈ V := H1(ΩL,∗)/R× L2(ΩL,∗;H
1
#(Y )/R) solve the following

variational problem:

a∗∆((u0, u1), (ψ0, ψ1)) = M̃0F ((ψ0, ψ1)), for all (ψ0, ψ1) ∈ V ,

where a∗∆ is symmetric positive definite bilinear form on V , F is a bounded
linear form on V and neither depend on M̃0.

Homogenisation 2nd June 2026 12 / 18



Introduction General Model Homogenisation Perspectives

Uniform bounds for flow

Let (u0, u1) ∈ V := H1(ΩL,∗)/R× L2(ΩL,∗;H
1
#(Y )/R) solve the following

variational problem:

a∗∆((u0, u1), (ψ0, ψ1)) = M̃0F ((ψ0, ψ1)), for all (ψ0, ψ1) ∈ V ,

Recall:

Mε(x) = M̃εe1 +∇uε(x), M0(x , y) = M̃0e1 +∇u0(x) +∇yu1(x , y).

Remark

If M̃0 = 0 then it follows that M0 = 0.

Earlier we obtained a bound for ||∇u||L∞ in terms of M̃ and geometric ratios of
d , r the interparticle spacing and radii.

Corollary

In the case where M̃ε = εM̃1 + o(ε) there exists a C(Y ) dependent only on the
unit perioidic cell Y such that:

||Mε||L∞(ΩL,ε)
≤ C(Y )(M̃1 + o(1)).

Theorem

Let uε solve Problem (3). Suppose that M̃ε = εM̃1 + o(ε). Then (up to a
subsequence):

||Mε||L2(ΩL,ε)
→ 0
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d , r the interparticle spacing and radii.

Corollary

In the case where M̃ε = εM̃1 + o(ε) there exists a C(Y ) dependent only on the
unit perioidic cell Y such that:

||Mε||L∞(ΩL,ε)
≤ C(Y )(M̃1 + o(1)).

Theorem

Let uε solve Problem (3). Suppose that M̃ε = εM̃1 + o(ε). Then (up to a
subsequence):

||Mε||L2(ΩL,ε)
→ 0
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Periodic Homogenisation: rigorous framework for convected Helmholtz


−∇ · (Aε∇φε)− 2ikMε · ∇φε − k2φε = 0, in ΩL,ε

n · Aε∇φε = 0, on ∂Oε

n · Aε∇φε = f ε, on ∂Θ

n · Aε∇φε − ikφεMε · n = −T ε
±φ

ε, on Σ±L

(4)

Theorem

Define the homogenised system with A∗ corresponding to M0 = 0:
−∇x · (A∗∇xφ0)− k2ρ∗φ0 = 0, in ΩL,∗

n · A∗∇xφ0 = f ∗, on ∂Θ

n · A∗∇xφ0 = −T ∗
±φ0, on Σ±L

(5)

Take φε solves (4) and assume that k is such that Problem (5) is well-posed.
Suppose that M̃ε = εM̃1 + o(ε), then for M̃1 sufficiently small:

Tεφ
ε ⇀ φ0, in L2(ΩL,∗;H

1
#(Y )), Tε∇φε ⇀ ∇φ0 +∇yφ1, in L2(ΩL,∗ × Y )

where φ0 solves Problem (5) (convergence up to a subsequence).
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Numerical tests

Take M̃ε = ε
1500

. Corresponding (c0,Vf ,Vp) = (1500, 1.0, 1.0− ε), Test with
ε = 0.001, f ε = f , ω = 2π × 106.
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Numerical tests

Take M̃ε = ε
1500

. Corresponding (c0,Vf ,Vp) = (1500, 1.0, 1.0− ε), Test with
ε = 0.001, f ε = f , ω = 2π × 106.

Figure: φε for ε = 0.001,
ω = 2π × 106

Figure: φ0, for ω = 2π× 106 Figure: 100|φ0−φε|
||φε||

L2(ΩL,ε)

Relative L2 difference =92.2044%, Relative H1 difference = 94.4024% for
ω = 2π × 106.
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Numerical tests

Take M̃ε = ε
1500

. Corresponding (c0,Vf ,Vp) = (1500, 1.0, 1.0− ε), Test with
ε = 0.001, f ε = f , ω = 2π × 105.

Figure: φε for ε = 0.001,
ω = 2π × 105

Figure: φ0, for ω = 2π× 105 Figure: 100|φ0−φε|
||φε||

L2(ΩL,ε)

Relative L2 difference =1.41168%, Relative H1 difference = 22.1114% for
ω = 2π × 105.
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Numerical tests: Convergence curves

Take M̃ε = ε
1500

. Corresponding (c0,Vf ,Vp) = (1500, 1.0, 1.0− ε).
ω = 2π × 106, 2π × 105

Figure: Relative error of φ0 to φε for
ω = 2π × 105.

Figure: Relative error of φ0 to φε for
ω = 2π × 106.

Assuming the convergence rate depends on εk.
MHz signals: ε = 10−4m.
Low density particles: r = 10−5m.
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Numerical tests: Convergence Reborn?

Proof only valid for M̃ε = εM̃1 + o(ε).

But can run the code for M̃ε = M̃0 > 0.
Vf = 1.0, Vp = 0.0. c0 = 1500. ω = 2π × 105.

Figure: Convergence of fem solution to homogenised field for 100kHz frequency for
M̃ε = M̃0

What does this mean? I am not sure.

Homogenisation 2nd June 2026 17 / 18



Introduction General Model Homogenisation Perspectives

Numerical tests: Convergence Reborn?

Proof only valid for M̃ε = εM̃1 + o(ε). But can run the code for M̃ε = M̃0 > 0.

Vf = 1.0, Vp = 0.0. c0 = 1500. ω = 2π × 105.

Figure: Convergence of fem solution to homogenised field for 100kHz frequency for
M̃ε = M̃0

What does this mean? I am not sure.

Homogenisation 2nd June 2026 17 / 18



Introduction General Model Homogenisation Perspectives

Numerical tests: Convergence Reborn?

Proof only valid for M̃ε = εM̃1 + o(ε). But can run the code for M̃ε = M̃0 > 0.
Vf = 1.0, Vp = 0.0. c0 = 1500. ω = 2π × 105.

Figure: Convergence of fem solution to homogenised field for 100kHz frequency for
M̃ε = M̃0

What does this mean? I am not sure.

Homogenisation 2nd June 2026 17 / 18



Introduction General Model Homogenisation Perspectives

Numerical tests: Convergence Reborn?

Proof only valid for M̃ε = εM̃1 + o(ε). But can run the code for M̃ε = M̃0 > 0.
Vf = 1.0, Vp = 0.0. c0 = 1500. ω = 2π × 105.

Figure: Convergence of fem solution to homogenised field for 100kHz frequency for
M̃ε = M̃0

What does this mean?

I am not sure.

Homogenisation 2nd June 2026 17 / 18



Introduction General Model Homogenisation Perspectives

Numerical tests: Convergence Reborn?

Proof only valid for M̃ε = εM̃1 + o(ε). But can run the code for M̃ε = M̃0 > 0.
Vf = 1.0, Vp = 0.0. c0 = 1500. ω = 2π × 105.

Figure: Convergence of fem solution to homogenised field for 100kHz frequency for
M̃ε = M̃0

What does this mean? I am not sure.

Homogenisation 2nd June 2026 17 / 18



Introduction General Model Homogenisation Perspectives

Outline

1 Introduction

2 General Model

3 Homogenisation

4 Perspectives

Perspectives 2nd June 2026 17 / 18



Introduction General Model Homogenisation Perspectives

Conclusion and Perspectives

We have a well-posed model and a numerical implementation for an
aribtary particle configuration

An asymptotic model in the case of periodic particles and convergence in a
relavant regime.

1 Other boundary conditions on particles and penetrable particle:
Well-posedness for general model
Homogenisation

2 Error analysis from DtN operators:
Currently assume uniform flow ouside domain but ∇u has unbounded
support.
Investigate the error induced by assuming uniform flow.

Thank you for your attention.
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Modelling the Ultrasonic Flowmeter

Pulse: F (t) = sin(ω0(t − t0))e
− (t−t0)

2

2σ2

In the stationary frame:
∂nΦ(y , t) = F (t)g(y)

y0
δy

c0δt
θ

∂nΦ(y , t) = F

(
t − tan θ

c0
(y − y0)

)
g(y).

In the moving frame, corresponding time domain boudnary condition is:

∂nΦ(y , t) = F

(
t − tan θ

c0
(y − y0)

)
g (y + Vpt) .

Corresponding frequency domain boundary condition:

∂nφ(y , ω) =

∫
e iωtF

(
t − tan θ

c0
(y − y0)

)
g (y + Vpt) dt

How can we compute this?
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Explicit formula in Gaussian case

Proposition

Let F (t) = e
− (t−t0)

2

2σ2 sin(ω0(t − t0)), g(y) :=
1√

2πσg
e
− (y−y0)

2

2σ2
g for σ0, σg , ω0 > 0.

Then for Vp > 0 and ω ∈ R:∫
e iωtF

(
t − tan θ

c0
(y − y0)

)
g(y+Vpt) dt = e iµ+(y−y0)f +0 (y)−e iµ−(y−y0)f −0 (y)

Where:

f ±0 (y) =
σ0

2Vp i
√
a2 + a3

exp

(
4i(∓a2ω0 + a3ω)t0 − a1(y)

2 − 4a2a3(ω ± ω0)
2

4(a2 + a3)

)

µ± = − ω

Vp
+

a3ω ∓ a2ω0

a2 + a3

(
tan θ

c0
+

1

Vp

)
a1(y) := t0 +

y + y0 tan θ

c0
+

y − y0
Vp

, a2 =
σ2
0

2
, a3 =

σ2
g

2V 2
p
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Numerical Convergence of uniform flow

Source term:

f (y , ω) = e iωt0

[
e

−σ0(ω+ω0)
2

2 − e
−σ0(ω−ω0)

2

2

]
g(y)e−i ω

c
tan θ(y−y0)

(h, L) (0.025, 0.025)
Inertial Frame Pipe
Obstacles None

k 4188.79(= ω0/c0)

(ω0, σ0, t0, ) (2π × 106, 1 × 10−6, 0.0)
(σΘ, θinc) (0.002, 20◦)
(c0, Vf , Vp ) (1500, 6.0, 0.0)

εmesh 0.00015
FE P1

Nmodes 33 + (0, 10, 20, . . . , 140)
(NΘ, Lsup) (500, 0.02 = (10σΘ))

Table: Table of paramters used to
investivate modal convergence of the
analytical solution

Figure: Convergence of incidence field
against Nmodes = 233
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