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Introduction to the model

Aim: to describe the evolution of I ion species, immersed in a solvent like water, through
long and narrow channels:

e . e, © H'
a : Q Cl-
! (— Na*t
(— -
! e

Applications: batteries, human cells, ...



The continuous model

Then, over Q x [0, +00):
o:u;+V-F;=0, i=1,...,1,
“A2Ap =YL Ziu;, A1>0,z;eR)
with the flux of the species i being given by
(D; > 0) Fi= —Di(uOVu,-— Vg + uouiziV(,b).

where the solvent concentration satisfies

I
(size exclusion) up=1- u
i=1



The continuous model

Then, over Q x [0, +00):

du;+V-F;=0, i=1,...,1,
“A2Ap =YL Ziu;, A1>0,z;€R)

with the flux of the species i being given by

I

(D; > 0) F= —Di(uOVui+u,~ZVuj+ uou,-ziV(p).
j=1

where the solvent concentration satisfies

I
(size exclusion) up=1-Y u
i=1

and leads to cross-diffusion.



Initial and boundary conditions

* We consider boundary conditions of mixed type for the electric potential:
Vp-n=0 onIV and ¢=¢ onTP.
* We assume for simplicity that the system is isolated, in the sense that
Fi-n=0 onoQ, i=1,...,1

* The system is finally complemented with initial conditions u;(t = 0) = u(i) with

I
u‘i)ZO and fﬂu?>0 for i=0,...,] and Zu(l.):l.
i=0



Entropy structure of the model

The system posses a free energy

Jf:f (uolog(uo)+2ullog(ul))+—f V|2 Azf $pPVe-n.

=1



Entropy structure of the model

The system posses a free energy

Jf:f (uolog(uo)+2ullog(ul))+—f V|2 Azf $pPVe-n.

=1

Indeed, by rewriting the fluxes via the Slotboom variables w; = % &P,
Fi=-Dje “Vuw;,  i=1,...1,

we deduce that

d 1
— 7+ 4f Y Dige |V y/wi* = 0.
dz Qi1

N J
-

2 dissipation



The boundedness-by-entropy method

* By solving p; = log(u;/ up) + z;®, the ion profiles obey the Fermi-Dirac statistics®

exp(u; — z;®)

= €[0,1] i=1,..., L
1+ Z]’.l:l exp(u;j — zj®)

i

0 Gerstenmayer and Jiingel 2018



The boundedness-by-entropy method

* By solving p; = log(u;/ up) + z;®, the ion profiles obey the Fermi-Dirac statistics®

- z;®
= —SPWizE®) ooy

1+ Z]’.l:l exp(u;j — zj®)

* Since # is bounded, then the dissipation & also is

ff Z Diuge “|\Vy/wi* < C
Ry x
and so all the terms in the following expression of the fluxes

F;=—D;(V(upu;) — 4ui/ugV/ug + uitgziVh) l<is<]I,

have a clear mathematical sense.

0 Gerstenmayer and Jiingel 2018



The boundedness-by-entropy method

* By solving y; = log(u;/ up) + z;®, the ion profiles obey the Fermi-Dirac statistics®

= —PWimED) gy oy
1+Zj:1exp(pj—zj<l>)

* Since # is bounded, then the dissipation & also is

f ZD,u e IV ywilt < C
Ry x

and so all the terms in the following expression of the fluxes

Fi=-D; (V(uo u;) — 4dui/ugVy/ug + uiugziV(/)) = —Djugu;V (log( ) + z,(,b) 1<i<I,
Ug

have a clear mathematical sense.

0 Gerstenmayer and Jiingel 2018



A steady state (1>, ¢™)

¢ It should correspond to constant-in-space p™ = (p‘l’o)
guarantee the conservation-of-total-mass

fu‘lx’:f u(l.).
Q Q

1
L<i<] ? calculated to

* Then the densities U™ = (%), _,_, satisfy
M=z (x)
U (x) = - ek i=1,...,1, x€Q,
1+Y; 577
and u’(x) =1- Z]I':I u;?o(x).
¢ Plugging these expressions in the Poisson equation provides
I oM 2™ (x)
“NAP®=f+) z in Q.

=ESE T

1Burger, Schlake, and Wolfram 2012



Equilibrium

The solution (¢*°, u™) is the unique minimizer of the convex functional
‘P:(¢D+V) xRI—»Rdeﬁnedby

Y(y,8) =f
Q

12 Lo, I
7|Vy|2+log(1+Ze" Z’J’)—jj/—l;éiu? .

i=1




Two numerical schemes for the modified PNP model

Motivations: To propose and to analyze a scheme for the model which shares the best
with the approaches proposed so far ¢ ? ¢:
- positivity of the volume fractions
- decay of free energy,
- unconditional convergence,
- second order accuracy in space,
- well behaviour (even for small A?),

- preserve the form of the steady states.

@Bailo, Carrillo, and Hu 2023
b Cances, C. Chainais-Hillairet, et al. 2019
Gerstenmayer and Jiingel 2019



The space-time discretisation

* We introduce a partition 9 of Q in
polytopes (control volumes), and a time
discretisation ("), ., of [0, +c0).

10



The space-time discretisation

* We introduce a partition 9 of Q in
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—/lzfA(/):Zzi uj KeJ,n=1l.
K i=1 K

10
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I
—Azf Agb:Zz,- Ui~ mKZziuZK Keg,n=1.
K i=1 JK i=1
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The space-time discretisation
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RS L SLER S
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The space-time discretisation

* We introduce a partition 9 of Q in
polytopes (control volumes), and a time
discretisation ("), ., of [0, +c0).

* The discretization of the Poisson equation relies on a classical two-point flux
approximation:

22y m

UEgK

(¢K Pio) _
dy

* The conservation laws are discretized using a backward Euler method in time and
finite volumes in space:

KZz, uly KeJ,nzl

u
LR g+ Y Y, =0, i=1.., KedT, nz1.

ge&k
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The space-time discretisation

* We introduce a partition 9 of Q in
polytopes (control volumes), and a time
discretisation ("), ., of [0, +c0).

* The discretization of the Poisson equation relies on a classical two-point flux
approximation:
(PR —P%s) 1 !
> mgu:—meZziu?K Keg,n=1.
do A =1

UEéaK

* The conservation laws are discretized using a backward Euler method in time and
finite volumes in space:

u
2K R e+ Y B, =0, i=1,..., KeT, n=1.

12
ge&k
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The SQRA scheme

The continuous model was originally derived thanks to a hopping process?, suggesting
the choice

1 n n 1 n n
n o _ A,n n z@i—d" _ n on szi(pl-dh)
Fiko —“UDl(ui,Kuo,Le2 R N AR

leading to the square-root approximation scheme®.

%Burger, Schlake, and Wolfram 2012
bCances and Venel 2023

11



The SQRA scheme

n 1, pn_ pn
FzKa—daDl(” i Lezzl((/)’( 0~ ug e O (PK))’

The probability that a i—particle jumps from K to Lis
proportional to:

n
Uik

#{candidates in K for a jump}

Uy g #{available sites to host the

i— particle in the cell L}

11



The SQRA scheme

1 n n 1 n n
n _ ,n n _>zilpg—¢7) _ ,,n n > Zi(pT—p%)
Fiko —‘lthl(”i,K”o,Le2 TR = pug e TR,

The probability that a i—particle jumps from Lto K is
proportional to:

o=K|L
n u;; = #{candidatesin L for a jump}
0.K  xr.
n
1 I uyx = #lavailable sites to host the

i— particle in the cell K}

11



A generalisation of the Scharfetter-Gummel scheme

Hence the scheme can be re-written using the function

as

Fley = aoDi(uleul B (zg) - o) -l ul B (2l — o) 24

where
* BeC'RR);
« BO)=1,B() >0;
e in general, B(y) — B(-y) # -y, but B(-y) - BG) = y+ G (A).

2Lie, Fackeldey, and Weber 2013

3Heida 2018
4Claire Chainais-Hillairet and Droniou 2011
12



Behaviour for small 12

However, when A2 become small,
I
my 1
Y (k= Pko) = 7K )zt
UegK o =1
the drift
e%Zt(fP}é—(ﬁf)

becomes too large to evaluate its exponential.

13



The SG scheme

Instead of using the function o

(SQRA) By =e?,

another natural choice for the drift term is 5
the function

(SG) B(y) = Y , 10 -8 -6 -4 -2 2 4
e/—1

leading to the Scharfetter-Gummel scheme, with fluxes:

n o,n Z’((PZ_(PIYQ non Z’((plré_('bz)

F-n =as;D;\u; v Uy ; ——————— — U U, —_—|.
Ko o= YK O'Lezi(‘l’f_ﬁbzré)—] i,L O'Kezi(‘l’zré_‘/’f)—]

1

14



Consistency of the fluxes

By taking advantages of the entropy structure of the model the fluxes re-write as
F;= —Di(uOVu,- —uiVuy + uy uizngb) = —D,-u% eiz"d)

where w; := %ezi‘b are the Slotboom variables.

5Heida, Kantner, and Stephan 2021
15



Consistency of the fluxes

By taking advantages of the entropy structure of the model the fluxes re-write as
F;= —Di(uOVu,- —uiVuy + uy uizngb) = —D,-u% e—z,-<p

where w; := %ezi‘b are the Slotboom variables. Hence

y e} e
FiflKa =a, D; uf)’yK ug'Lﬂ)?(e Zpx g HPL)

where 91 is a Stolarsky mean®:

B(y) = M(1,e”).
We used:

log(1/a) —log(1/b)

(a,b> 0 with a# b) MA@ b):=vVab, MC(ab):=
1/a-1/b

5 Heida, Kantner, and Stephan 2021
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Theorem (Existence - C. Cances, M. Herda, A. M)

There exists (at least) one solution to the scheme which satisfies

0< UZK<1 Vi=0,...,.I, Keg,n=1.
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Theorem (Existence - C. Cances, M. Herda, A. M)

There exists (at least) one solution to the scheme which satisfies
0<ujp<1l Vi=0,..,[KeJ, nz1.
Moreover, the discrete free energy /€7 is decaying along the time iterations
FEF+1"Dh < 70, nz1,

where u? . = log (u’TK) + zipy is the discrete electrochemical potentials of species i, and
4 0,K

I
D7 =) Y FilxeWix—mip)=0.

i=1 O'Eéaim
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Theorem (Existence - C. Cances, M. Herda, A. M)

There exists (at least) one solution to the scheme which satisfies
O<ulp,<1l Vi=0,...,,KeJT,n=1
Moreover, the discrete free energy /€7 is decaying along the time iterations
n nNoxn n-1

Hg+1 Dy <Hq n=1,

where u? . = log ( ) + zipy is the discrete electrochemical potentials of species i, and
I
n _ n n n
7=2 2 FlxoWix—ni)=0
i=1 O'Eéaim

The dissipation 27 vanishes iff (Ug) xcq» (O%) ke o) i the stationary solution.

16



Theorem (Convergence of the scheme - C. Cances, M. Herda, A. M)

There exists a weak solution (U, ¢) such that, up to the extraction of a subsequence,

— ¢ and o, 77,7, ;= Uo inL) Ry;IP(Q)) Vpe[l,+o0),

o
(pJg,Tg Vst

and Ug,, P U inthe R, x Q) weak-x sense.
—+00

17



Theorem (Convergence of the scheme - C. Cances, M. Herda, A. M)

There exists a weak solution (U, ¢) such that, up to the extraction of a subsequence,

— ¢ and o, 77,7, ;= Uo inL) Ry;IP(Q)) Vpe[l,+o0),

o
(pJg,Tg Vst

and Ug,, P U inthe R, x Q) weak-x sense.
—+00

We proceed by compactness and then we identify the limit.

17



Theorem (Convergence of the scheme - C. Cances, M. Herda, A. M)

There exists a weak solution (U, ¢) such that, up to the extraction of a subsequence,

— ¢ and o, 77,7, ;= Uo inL) Ry;IP(Q)) Vpe[l,+o0),

o
(pJg,Tg Vst

and Ug,, P U inthe R, x Q) weak-x sense.
—+00

We proceed by compactness and then we identify the limit.

Let p € C° (R x Q) and (pl’} = (xg, t"). We multiply the scheme by T"(pl’} and sum over
Keg andn=1:

> (- ult ok + XY Y Fli,ek=0.

n=1Keg n=1 KeT oeéx

17



Reformulation of the discrete fluxes

In particular, the proof is based on the reformulation of the fluxes
F; = —D;(V(uous) — 4ui/tlg V/ug + uitigziVeh) .

One splits the flux into:

n __ pconv,n iff,n
Fi,KU - Fi,KU + th,lKa ’

with

n o ,n n o,n
Feonvn _ oy ui,KuO,L + ui,Luo,K
= aglVj
2

i,Ko
n ,n _ N
u. uO,L u.

. u'!
Fiy" = g D= =2 (B (9] — 9) + B (b — o)

[B(z2i(p] — ) — B (2i(Pk — PD))]

18



Reformulation of the discrete fluxes

In particular, the proofis based on the reformulation of the fluxes

F; = —D;(V(upus) — 4uiv/ug Vy/ug + uitigziVeh) .

l ul +ul u n n n n
F.:,;)(I:TVI’I_ ayD; K 0L2 L OK[ (Zi((PL—(PK))_%(Zi((PK_(PL))]
uloul  +ul ul
= ag D=2 2~ 1) + 0 (as (e~ 9P),
ul u ul u n n n n
FIn _ g, DK 0L2 LR (B (2! — o)D) + B (2@t — )]

_ agDi(uZKug,L— i) (1+0 (0% —0p)?))
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Reformulation of the discrete fluxes

In particular, the proofis based on the reformulation of the fluxes

F; = —D;(V(upui) — 4uiv/uo V/tlg + tittgziVeh) .

ul oul? 4+ ulul!

xYo,L LYo,k
Fiiy " = a0 D= 0~ ) + 0 (a0 9= 4°),
it _ zK”OL w' Uy

iKo ~— 2 [ (

Zi(@F — 1)) + Bz — )]
=agDi(uzKu3,L—u:fLu3K)(1+@’(¢K ’)
= ag Di(w gty g — U3 Upy 1) (1 +0 (((PK_(PL) ))

+agDi(l/t£lK + UZL) (u(r)l'L - u(’)Z,K) (1 +0 (((plré - ¢Z)2))

18



Reformulation of the discrete fluxes

In particular, the proof is based on the reformulation of the fluxes

F;j=—D;(V(upu;) — 4uiv/ug Vy/ug + uitigziVeh) .

WU 1+ W U

Fiky "= asDi 5 2P~ §7) + 0 (as (P~ ¢])°),
Fdlffn Dil( n . .n _.n _n )
iko — Goli| U gl g —Ujply g,

n n n o _ n n n
+u et )G g, U, i)/ Uo, . T/ Up i)

< (1+0((ek-91)’))

18



A simulations with 12 = 1072

e 0=(0,1)

* z1=2,zp=1,and D; =D, =1

e $P(t,0) =10 and ¢°(£,1) = 0.

* Initial configurations: %(x) =0.2+0.1(x—1) and u)=0.4

19



A simulations with 12 = 1072

e 0=(0,1)

* z1=2,zp=1,and D; =D, =1

e $P(t,0) =10 and ¢°(£,1) = 0.

* Initial configurations: ”(1) (x)=0.2+0.1(x—1) and wu,=0.4

I T
1 H -
= g 10p )
g 5
£ g
g 0.5 B %
g £ 0 |
S g
=
0 --== = 0 b
| | | | | | | | | | | |
0 02 04 06 08 1 0 02 04 06 08 1
Space variable x Space variable x

Figure 1: Solid lines: Solutions at time T = 1. Dashed lines: Long-time limit.

19



Second order convergence of the schemes

relative L} (L) error

1077

A reference solution is computed on a grid made of 1638400 cells and with a constant
time step T = 1073, to which are compared solutions computed on successively refined

1073 ¢
1074
107°

1078 ¢

1078 ¢

= (SG) ||
—o— (SQRA)

N

1

Ll L Lol L Lol
10° 103 10*

number of cells

grids but with the same constant time step.

20



The steady state of the scheme

We are interested in steady states (U;i’, <p§) of the scheme, i.e. solutions to

I
A2y aa(¢?<°—¢?<°a)=mf<(fz<+22iu§‘}(), Ked,

ge&k i=1
Y F%,=0, i=1..LKeJ,
O'Eé»al(

with F;‘;QI =0if 0 € Eext and

Fko = oD (UEOKMS?L% (2i(@F” = %)) — uiq ug kB (219 — </)‘Z°)))
for o = K|L € &int, where we have set
I
U =1-) u%, Ked,
i=1
complemented with

oo _ 0 s
Z mK”i,K‘fQ”i’ i=1,...,1.

Keg

21



Proposition (Existence of the (discrete) steady state)

There exists a solution to the steady scheme, with constant in space potentials in the sense
; oo _ [,400 1
that there exists p3 = (pi’ 3.) Leier € R' such that

O—, Keg,1

IA
IA
~

Uy, K
such that,

g g

22



Proposition (Existence of the (discrete) steady state)

There exists a solution to the steady scheme, with constant in space potentials in the sense
I
that there exists p3 (pl P ) <t R' such that

) S S
logu?+zi¢>K=ui,g-, Keg,1<sis<],
0,K

such that,

Proposition (Uniqueness)

‘

The solution ((/)6_, yg_) minimizes the strictly convex functional ¥ g : R7 xR - R
defined by

Yo (g, &) =— Z ag (Yk—YKo)*+ Y mKlog(HZe" Zl”) Y mi |fiyk + Zél Uy

2 ogeé Keg Keg

22



Long-time behavior of the scheme (2D)

I‘D

e 0=(0,1)2 withoQ=TPur¥
. (PD:O

23
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Long-time behavior of the scheme (2D)

I‘D
e 0=(0,1)2 withoQ=TPur¥
. (PD:O
Q N e z1=2,=1,2=—1

* D1=1,D,=2,D3=2

Two initial globally neutral profiles:

(1) 2)
V() =0.3 %191 /22 (), w@ ) =0.1x u1 O (),
0 W(x)=03x Lasz,nx,1/2) (%), u‘z"@) (x) =0.1 x u2 W x) +0.9 x lopxasen ),

0 W) =0.9x 1121 (). W@ (x) = 0.1 x udV(x) +0.9 % 10,1)x(0,1/2) ().
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Long-time behavior of the scheme (2D)

I‘D
e 0=(0,1)2 withoQ=TPur¥
. (PD:O
Q N e z1=2,=1,2=—1

* D1=1,D,=2,D3=2

Two initial globally neutral profiles:

I @
V() =0.3 %191 /22 (), w@ ) =0.1x u1 O (),
0 W(x)=03x Lasz,nx,1/2) (%), u‘z"@) (x) =0.1 x u2 W x) +0.9 x lopxasen ),
0 W) =0.9x 112,12 (%). @) =01 x 12V (x) +0.9 % 10,1y 0,1/2) ().
3 3

A third initial globally charged and constant in space:

3) WP =02 wWYw=02 wWPw=03.
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Convergence towards the steady long-time behavior (A7 — #°)

102 [T - sps 12 . 2
koo — Initialization (1), A = 0.0016

& —— Initialization (3), A% = 0.01
-

& 106 -|--- Initialization (3), A2 =0.16
; --- Initialization (1), A2 = 0.16
T -1 ||--- Initialization (2), A> = 0.16
E 10

10—22 L |

Time

We run our scheme with a constant time step 7 = 10~ and for two different Debye
length until a final time T = 3, and look for the evolution of the relative energy

Sy — AF along time. The relative energy is decaying for all the curves, but the velocity
at which the decay occurs varies strongly depending on the Debye length and on the
initial profile.

24
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Figure 2: Stationary concentration profiles with initial configuration (3), A2 = 0.01.
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uz(T), z3 = —1 uo(T), 20 =0

Figure 3: Concentration profiles at final time T = 3, with initial configuration (3), A2 = 0.01.
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Figure 4: Difference between the final concentration profiles, with initial configuration (3), A2 = 0.01.
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