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Introduction to the model

Aim: to describe the evolution of I ion species, immersed in a solvent like water, through
long and narrow channels:

H+

Cl –

Na+

Applications: batteries, human cells, . . .
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The continuous model

Then, overΩ× [0,+∞): ∂tui +∇·Fi = 0, i = 1, . . . , I ,

−λ2∆φ=∑I
i=1 ziui, (λ> 0,zi ∈R)

with the flux of the species i being given by

(Di > 0) Fi =−Di

(
u0∇ui −ui∇u0 +u0uizi∇φ

)
.

where the solvent concentration satisfies

(size exclusion) u0 = 1−
I∑

i=1
ui
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Then, overΩ× [0,+∞): ∂tui +∇·Fi = 0, i = 1, . . . , I ,

−λ2∆φ=∑I
i=1 ziui, (λ> 0,zi ∈R)

with the flux of the species i being given by

(Di > 0) Fi =−Di

(
u0∇ui+ui

I∑
j=1

∇uj +u0uizi∇φ
)
.

where the solvent concentration satisfies

(size exclusion) u0 = 1−
I∑

i=1
ui

and leads to cross-diffusion.
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Initial and boundary conditions

• We consider boundary conditions of mixed type for the electric potential:

∇φ ·n = 0 on ΓN and φ=φD on ΓD.

• We assume for simplicity that the system is isolated, in the sense that

Fi ·n = 0 on ∂Ω, i = 1, . . . , I .

• The system is finally complemented with initial conditions ui(t = 0) = u0
i with

u0
i ≥ 0 and

∫
Ω

u0
i > 0 for i = 0, . . . , I and

I∑
i=0

u0
i = 1.
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Entropy structure of the model

The system posses a free energy

H =
∫
Ω

(
u0 log(u0)+

I∑
i=1

ui log(ui)

)
+ λ2

2

∫
Ω
|∇φ|2 −λ2

∫
ΓD
φD∇φ ·n.

Indeed, by rewriting the fluxes via the Slotboom variables wi = ui
u0

eziφ,

Fi =−Diu
2
0e−ziφ∇wi, i = 1, . . . , I ,

we deduce that
d

d t
H +4

∫
Ω

I∑
i=1

Diu
2
0e−ziφ|∇pwi|2︸ ︷︷ ︸

D dissipation

= 0.
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The boundedness-by-entropy method

• By solving µi = log(ui/u0)+ziΦ, the ion profiles obey the Fermi–Dirac statistics0

ui = exp(µi −ziΦ)

1+∑n
j=1 exp(µj −zjΦ)

∈ [0,1] i = 1, . . . , I .

• Since H is bounded, then the dissipation D also isÏ
R+×Ω

I∑
i=1

Diu
2
0e−ziφ|∇pwi|2 ≤ C

and so all the terms in the following expression of the fluxes

Fi =−Di
(∇(u0ui)−4ui

p
u0∇pu0 +uiu0zi∇φ

)
1 ≤ i ≤ I ,

have a clear mathematical sense.

0Gerstenmayer and Jüngel 2018
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A steady state (u∞,φ∞)

• It should correspond to constant-in-space µ∞ = (
µ∞

i

)
1≤i≤I

1, calculated to
guarantee the conservation-of-total-mass∫

Ω
u∞

i =
∫
Ω

u0
i .

• Then the densities U∞ = (
u∞

i

)
1≤i≤I

satisfy

u∞
i (x) = eµ

∞
i −ziφ

∞(x)

1+∑I
j=1 eµ

∞
j −zjφ∞(x)

, i = 1, . . . , I , x ∈Ω,

and u∞
0 (x) = 1−∑I

j=1 u∞
j (x).

• Plugging these expressions in the Poisson equation provides

−λ2∆φ∞ = f +
I∑

i=1
zi

eµ
∞
i −ziφ

∞(x)

1+∑I
j=1 eµ

∞
j −zjφ∞(x)

inΩ.

1Burger, Schlake, and Wolfram 2012
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Equilibrium

The solution (φ∞,µ∞) is the unique minimizer of the convex functional
Ψ : (φD +V )×RI →R defined by

Ψ(y,ξ) =
∫
Ω

[
λ2

2
|∇y|2 + log

(
1+

I∑
i=1

eξi−ziy

)
− fy−

I∑
i=1

ξiu
0
i

]
.
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Two numerical schemes for the modified PNP model

Motivations: To propose and to analyze a scheme for the model which shares the best
with the approaches proposed so far a b c:

- positivity of the volume fractions

- decay of free energy,

- unconditional convergence,

- second order accuracy in space,

- well behaviour (even for small λ2),

- preserve the form of the steady states.

aBailo, Carrillo, and Hu 2023
bCancès, C. Chainais-Hillairet, et al. 2019
cGerstenmayer and Jüngel 2019
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The space-time discretisation

• We introduce a partition T ofΩ in
polytopes (control volumes), and a time
discretisation

(
tn

)
n≥0 of [0,+∞).

K

σ= K |L

L

xK xL
dσ

mσ

• The discretization of the Poisson equation relies on a classical two-point flux
approximation:

K ∈T ,n ≥ 1.
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The SQRA scheme

The continuous model was originally derived thanks to a hopping processa, suggesting
the choice

Fn
i,Kσ = aσDi

(
un

i,K un
0,Le

1
2 zi(φn

K−φn
L ) −un

i,Lun
0,K e

1
2 zi(φn

L−φn
K )

)
,

leading to the square-root approximation schemeb.

aBurger, Schlake, and Wolfram 2012
bCancès and Venel 2023
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proportional to:
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i,K = #{candidates in K for a jump}
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0,L = #{available sites to host the

i− particle in the cell L}
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A generalisation of the Scharfetter-Gummel scheme

Hence the scheme can be re-written using the function

B(y) = e−y/2

as

Fn
i,Kσ = aσDi

(
un

i,K un
0,LB

(
zi(φ

n
L −φn

K )
)−un

i,Lun
0,KB

(
zi(φ

n
K −φn

L)
))

234

where

• B ∈ C1(R,R);

• B(0) = 1, B(y) > 0;

• in general, B(y)−B(−y) ̸= −y, but B(−y)−B(y) = y+O (y2).

2Lie, Fackeldey, and Weber 2013
3Heida 2018
4Claire Chainais-Hillairet and Droniou 2011
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Behaviour for small λ2

However, when λ2 become small,

∑
σ∈EK

mσ

dσ
(φn

K −φn
Kσ) = 1

λ2 mK

I∑
i=1

ziu
n
i,K ,

the drift

e
1
2 zi(φn

K−φn
L )

becomes too large to evaluate its exponential.
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The SG scheme

Instead of using the function

(SQRA) B(y) = e−y/2,

another natural choice for the drift term is
the function

(SG) B(y) = y

ey −1
, −10 −8 −6 −4 −2 2 4

5

10

y

e−
y
2

y
ey−1

leading to the Scharfetter-Gummel scheme, with fluxes:

Fn
i,Kσ = aσDi

(
un

i,K un
0,L

zi(φn
L −φn

K )

ezi(φn
L−φn

K ) −1
−un

i,Lun
0,K

zi(φn
K −φn

L)

ezi(φn
K−φn

L ) −1

)
.
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Consistency of the fluxes

By taking advantages of the entropy structure of the model the fluxes re-write as

Fi =−Di

(
u0∇ui −ui∇u0 +u0uizi∇φ

)
=−Diu

2
0e−ziφ∇wi

where wi := ui
u0

eziφ are the Slotboom variables.

Hence

Fn
i,Kσ = aσDi un

0,K un
0,LM(e−ziφ

n
K ,e−ziφ

n
L )

(
wn

i,K −wn
i,L

)
where M is a Stolarsky mean5:

B(y) =M(1,e−y).

We used:

(a,b > 0 with a ̸= b) MSQRA(a,b) :=
p

ab, MSG(a,b) := log(1/a)− log(1/b)

1/a−1/b

5Heida, Kantner, and Stephan 2021
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Theorem (Existence - C. Cancès, M. Herda, A. M)

There exists (at least) one solution to the scheme which satisfies

0 < un
i,K < 1 ∀i = 0, . . . , I , K ∈T , n ≥ 1.

Moreover, the discrete free energy H n
T

is decaying along the time iterations

H n
T +τnDn

T ≤H n−1
T , n ≥ 1,

where µn
i,K = log

( un
i,K

un
0,K

)
+ziφ

n
K is the discrete electrochemical potentials of species i, and

Dn
T =

I∑
i=1

∑
σ∈Eint

Fn
i,Kσ(µn

i,K −µn
i,L) ≥ 0.

The dissipation Dn
T

vanishes iff
((

Un
K

)
K∈T

,
(
φn

K

)
K∈T

)
is the stationary solution.
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Theorem (Convergence of the scheme - C. Cancès, M. Herda, A. M)

There exists a weak solution (U ,φ) such that, up to the extraction of a subsequence,

φTℓ,τℓ −→
ℓ→+∞

φ and u0,Tℓ,τℓ −→
ℓ→+∞

u0 in Lp
loc(R+;Lp(Ω)) ∀p ∈ [1,+∞),

and UTℓ,τℓ −→
ℓ→+∞

U in the L∞(R+×Ω)I weak-⋆ sense.

We proceed by compactness and then we identify the limit.

Let ϕ ∈ C∞
c (R+×Ω) and ϕn

K :=ϕ(xK , tn). We multiply the scheme by τnϕn
K and sum over

K ∈T and n ≥ 1:∑
n≥1

∑
K∈T

mK

(
un

i,K −un−1
i,K

)
ϕn

K + ∑
n≥1

τn
∑

K∈T

∑
σ∈EK

Fn
i,Kσϕ

n
K = 0.
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Reformulation of the discrete fluxes

In particular, the proof is based on the reformulation of the fluxes

Fi =−Di
(∇(u0ui)−4ui

p
u0∇pu0 +uiu0zi∇φ

)
.

One splits the flux into:
Fn

i,Kσ = Fconv,n
i,Kσ +Fdiff,n

i,Kσ ,

with

Fconv,n
i,Kσ = aσDi

un
i,K un

0,L +un
i,Lun

0,K

2

[
B

(
zi(φ

n
L −φn

K )
)−B

(
zi(φ

n
K −φn

L)
)]

Fdiff,n
i,Kσ = aσDi

un
i,K un

0,L −un
i,Lun

0,K

2

[
B

(
zi(φ

n
L −φn

K )
)+B

(
zi(φ

n
K −φn

L)
)]
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Reformulation of the discrete fluxes

In particular, the proof is based on the reformulation of the fluxes

Fi =−Di
(∇(u0ui)−4ui

p
u0∇pu0 +uiu0zi∇φ
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√
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A simulations with λ2 = 10−2 (1D)

• Ω= (0,1)
• z1 = 2, z2 = 1, and D1 = D2 = 1
• φD(t,0) = 10 and φD(t,1) = 0.
• Initial configurations: u0

1(x) = 0.2+0.1(x−1) and u0
2 ≡ 0.4
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Figure 1: Solid lines: Solutions at time T = 1. Dashed lines: Long-time limit.
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Second order convergence of the schemes
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A reference solution is computed on a grid made of 1638400 cells and with a constant
time step τ= 10−3, to which are compared solutions computed on successively refined
grids but with the same constant time step.
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The steady state of the scheme

We are interested in steady states (U∞
T

,φ∞
T

) of the scheme, i.e. solutions to

λ2
∑
σ∈EK

aσ(φ∞
K −φ∞

Kσ) = mK

(
fK +

I∑
i=1

ziu
∞
i,K

)
, K ∈T ,∑

σ∈EK

F∞
i,Kσ = 0, i = 1, . . . , I , K ∈T ,

with F∞
i,Kσ = 0 if σ ∈ Eext and

F∞
i,Kσ = aσDi

(
u∞

i,K u∞
0,LB

(
zi(φ

∞
L −φ∞

K )
)−u∞

i,Lu∞
0,KB

(
zi(φ

∞
K −φ∞

L )
))

for σ= K |L ∈ Eint, where we have set

u∞
0,K = 1−

I∑
i=1

u∞
i,K , K ∈T ,

complemented with ∑
K∈T

mK u∞
i,K =

∫
Ω

u0
i , i = 1, . . . , I .
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Proposition (Existence of the (discrete) steady state)

There exists a solution to the steady scheme, with constant in space potentials in the sense

that there exists µ∞
T

=
(
µ∞

i,T

)
1≤i≤I

∈RI such that

log
u∞

i,K

u∞
0,K

+ziφ
∞
K =µ∞

i,T , K ∈T , 1 ≤ i ≤ I ,

such that,
(Un

T ,φn
T ) −→

n→+∞ (U∞
T ,φ∞

T ).

Proposition (Uniqueness)

The solution (φ∞
T

,µ∞
T

) minimizes the strictly convex functionalΨT :RT ×RI →R

defined by

ΨT (yT ,ξ) = λ2

2

∑
σ∈E

aσ(yK−yKσ)2+ ∑
K∈T

mK log

(
1+

I∑
i=1

eξi−ziyK

)
− ∑

K∈T

mK

[
fK yK +

I∑
i=1

ξiu
0
i,K

]
.

In particular, (φ∞
T

,µ∞
T

) is unique.
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Long-time behavior of the scheme (2D)

Ω

ΓD

ΓN

• Ω= (0,1)2, with ∂Ω= ΓD ∪ΓN

• φD = 0

• z1 = 2, z2 = 1, z3 =−1

• D1 = 1, D2 = 2,D3 = 2

Two initial globally neutral profiles:

(1)
u0,(1)

1 (x) = 0.3×1(0,1/2)2 (x),

u0,(1)
2 (x) = 0.3×1(1/2,1)×(0,1/2)(x),

u0,(1)
3 (x) = 0.9×1(1/2,1)2 (x).

(2)
u0,(2)

1 (x) = 0.1×u0,(1)
1 (x),

u0,(2)
2 (x) = 0.1×u0,(1)

2 (x)+0.9×1(0,1)×(1/2,1)(x),

u0,(2)
3 (x) = 0.1×u0,(1)

3 (x)+0.9×1(0,1)×(0,1/2)(x).

A third initial globally charged and constant in space:

(3) u0,(3)
1 (x) = 0.2, u0,(3)

2 (x) = 0.2, u0,(3)
3 (x) = 0.3.
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Convergence towards the steady long-time behavior (H n
T
−H ∞

T
)
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Initialization (1), λ2 = 0.0016

Initialization (3), λ2 = 0.01

Initialization (3), λ2 = 0.16

Initialization (1), λ2 = 0.16

Initialization (2), λ2 = 0.16

We run our scheme with a constant time step τ= 10−4 and for two different Debye
length until a final time T = 3, and look for the evolution of the relative energy
H n

T
−H ∞

T
along time. The relative energy is decaying for all the curves, but the velocity

at which the decay occurs varies strongly depending on the Debye length and on the
initial profile.
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Figure 2: Stationary concentration profiles with initial configuration (3), λ2 = 0.01.
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Figure 3: Concentration profiles at final time T = 3, with initial configuration (3), λ2 = 0.01.
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Figure 4: Difference between the final concentration profiles, with initial configuration (3), λ2 = 0.01.
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