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@ Introduction



What is data assimilation

@ Aim of data assimilation : estimate the state of a system
= Estimation of the phytoplankton concentration in the North Atlantic Ocean.
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What is data assimilation
@ Aim of data assimilation : estimate the state of a system
= Estimation of the phytoplankton concentration in the North Atlantic Ocean.

@ 3 main components :
e Model : mathematical equations = IMPERFECT;
o Observations : satellites, in situ = INCOMPLETE & IMPERFECT;
combination of the model and observations.

e Assimilation algorithm
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What is data assimilation

@ Aim of data assimilation : estimate the state of a system
= Estimation of the phytoplankton concentration in the North Atlantic Ocean.
@ 3 main components :
e Model : mathematical equations = IMPERFECT;
o Observations : satellites, in situ = INCOMPLETE & IMPERFECT;
e Assimilation algorithm : combination of the model and observations.

/ N\

Coarse regions from Longhurst [Longhurst, 1995] Refined regions from assimilation and clustering
([Simon, Samuelsen, Bertino and Mouysset 2015])
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Principle of Filtering Algorithms

Assimilation Cycle

@ Forecast step: State estimation over time using the model.

@ Analysis step: Incorporation of observations to correct the estimation.
= Minimization of the cost function:
J(x) = 3(x = x")TB7H(x —x") + 2(y — H(x)) TR (y — H(x))

Principle of the Ensemble Kalman Filter (EnKF) N otations

. @ x’: the state estimate after forecast:

V\ % @ y: the observation to be assimilated;

H: the observation operator (state to
observation space);

@ B: the background error covariance matrix;

@ R: the observation error covariance matrix.
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The Ensemble Kalman Filter (Evensen, 1994, 2003)

Principle of the Ensemble Kalman Filter (EnKF) The En K F: an ensem ble‘ based methOd

@ Ensemble mean: estimate of the state.

@ Ensemble covariance matrix P* ~ B: estimate
of the forecast error.

@ Under-dispersion = Overconfidence in the
estimate = Observations given little weight
= Filter divergence.

Forecast
v
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The Ensemble Kalman Filter (Evensen, 1994, 2003)

Principle of the Ensemble Kalman Filter (EnKF) The En K F: an ensem ble‘ based methOd

@ Ensemble mean: estimate of the state.

@ Ensemble covariance matrix P* ~ B: estimate
of the forecast error.

@ Under-dispersion = Overconfidence in the
estimate = Observations given little weight
= Filter divergence.

Forecast
v

Geophysical fluids

@ High dimensional problems.
@ Nonlinear propagation of the errors.

@ Linear-Gaussian assumptions: linear models and Gaussian error distributions.
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Limitations of Gaussian assumptions

25

= Trug posterior density
EnKF
SIR filter

@ EnKF tends to produce an a posteriori density
close to a Gaussian density (Central Limit
' Theorem).

@ Particle filter: curse of dimensionality: N
must grow exponentially with the
log-likelihood of the observations
([Snyder et al., 2008]).
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0
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A posteriori density for the Bernoulli model and estimates
from EnKF and a particle filter
([Stordal et al., 2011]).
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= Trug posterior density
EnKF
SIR filter

@ EnKF tends to produce an a posteriori density
close to a Gaussian density (Central Limit
' Theorem).

@ Particle filter: curse of dimensionality: N
must grow exponentially with the
log-likelihood of the observations
([Snyder et al., 2008]).
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A posteriori density for the Bernoulli model and estimates
from EnKF and a particle filter
([Stordal et al., 2011]).

How can we (properly) estimate non-Gaussian densities while keeping a reasonable
ensemble size?
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Relevance of kernel methods for nonlinear problems

Initial data Transformed data . .
Transformation function:
s 7 3"y X1 2 2
: { % V x = L( } , p(x) = (xl,\@xlx2,x2)
% 3 ) 2
. e
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Initial data Transformed data . .
Transformation function:
s 7 3"y X1 2 2
: { % V x = L( } , p(x) = (xl,\@xlx2,x2)
% 3 ) 2
. e

= Problem can be solved in 3D space.
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Relevance of kernel methods for nonlinear problems

Initial data Transformed data

Transformation function:

vx=[2]. 00 = (VB )

= Problem can be solved in 3D space.

@ Solve the original problem on transformed data: How to deal with dimensionality increase?
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Relevance of kernel methods for nonlinear problems

Initial data Transformed data

Transformation function:

vx=[2]. 00 = (VB )

= Problem can be solved in 3D space.

@ Solve the original problem on transformed data: How to deal with dimensionality increase?
@ Kernel function: x(x,y) =< ¢(x),p(y) >= (x"y)? € R.
= Implicit use of feature space without explicit mapping or computation.
This kernel function determines a Reproducing Kernel Hilbert Space (RKHS)
associated with this function.
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Mathematical formalism

Representer theorem

Let F be an RKHS with reproducing kernel k. Let C be a cost function and J : Rt — R a strictly
increasing function. Let (x;)icp1; oy € X" and y € R.

We define:
QR : F — R

fom Clysxa,.oXn, fxa), .., f(xn)) + J(IIFI5)
If it exists, any minimizer f* € F of Q belongs to the subspace Vect(k(:, x;)ic[1 ; n])-
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Mathematical formalism

Representer theorem

Let F be an RKHS with reproducing kernel k. Let C be a cost function and J : Rt — R a strictly
increasing function. Let (x;)icp1; oy € X" and y € R.

We define:
QR : F — R

fom Clysxa,.oXn, fxa), .., f(xn)) + J(IIFI5)
If it exists, any minimizer f* € F of Q belongs to the subspace Vect(k(:, x;)ic[1 ; n])-

= Optimization problem in a finite-dimensional space of size equal to the data.
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Kernel methods in data assimilation

@ Approximation of model errors by a combination of exponential kernels ([Luo, 2019]): specific
kernel.

@ Model emulation by a linear combination of hyperbolic tangent kernels ([Gottwald and Reich,
2021]): specific kernel.
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Kernel methods in data assimilation

@ Approximation of model errors by a combination of exponential kernels ([Luo, 2019]): specific
kernel.

@ Model emulation by a linear combination of hyperbolic tangent kernels ([Gottwald and Reich,
2021]): specific kernel.

@ Definition of a rigorous mathematical framework to estimate realizations/trajectories of the system
by linear combinations of predictions, transposed into an evolving RKHS manifold characterizing
the system dynamics ([Dufée et al., 2024; Jaouen et al., 2025]).
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Kernel methods in data assimilation

@ Approximation of model errors by a combination of exponential kernels ([Luo, 2019]): specific
kernel.

@ Model emulation by a linear combination of hyperbolic tangent kernels ([Gottwald and Reich,
2021]): specific kernel.

@ Definition of a rigorous mathematical framework to estimate realizations/trajectories of the system
by linear combinations of predictions, transposed into an evolving RKHS manifold characterizing
the system dynamics ([Dufée et al., 2024; Jaouen et al., 2025]).

Thesis idea:

Propose a kernel-based data assimilation algorithm modular with respect to the kernel.
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@ Introduction
© Generalization of the ETKF using kernels : KETKF algorithm
e Numerical experiments

@ Conclusion and perspectives



© Generalization of the ETKF using kernels : KETKF algorithm



The formulation of [Bishop et al., 2001]

Assuming the observation operator is linear, the ETKF algorithm can be formalized as:

ETKF formulation

: 1~ ~ 5 N-1 5
argmin 7 (w) = 5|d — Hw| B + = |wl}. M
weRN
o d = R™Y?(y — Hx") € R? the innovation @ x’: the ensemble mean state;
vector; .
. o X' e R™N: the anomaly matrix of centered
h, states;
o H=R'?HX'=| : @ R c R*9: the observation error covariance
=T matrix;
hq
the matrix of weighted anomalies in o HX e RI*N: the anomaly matrix in
observation space; observation space.
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Reformulation of the ETKF with kernel methods [Mauran et al., 2023]

By identifying the linear kernel r(z,t) = z"t, V (z,t) € RN x RV, (1) is equivalent to:

N -

< argmin J(w) =
weRN

d
S (s(hi, w) — yi)? + 3m(w, w) 2)
i=1

~T ~
with h; the rows of H (the matrix of weighted anomalies in observation space).
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Reformulation of the ETKF with kernel methods [Mauran et al., 2023]

By identifying the linear kernel r(z,t) = z"t, V (z,t) € RN x RV, (1) is equivalent to:

N -

< argmin J(w) =

weRN 2

d
~ 1
> (k(hi,w) = yi)* + S r(w, w) )
i=1
~T ~
with h; the rows of H (the matrix of weighted anomalies in observation space).

Moreover, (2) is equivalent to the optimization problem extended in the Reproducing Kernel Hilbert
Space (RKHS) H, with linear reproducing kernel:

Reformulation of the ETKF

N-—1 i &
in 7 (F) = ——||fI[3,, + = > _(F(h) — d;)*. 3
a;%mnj() L ||HN+2i:1(( ) —di) 3)
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Moreover, (2) is equivalent to the optimization problem extended in the Reproducing Kernel Hilbert
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N-—1 i &
in 7 (F) = ——||fI[3,, + = > _(F(h) — d;)*. 3
a;%mnj() L ||HN+2i:1(( ) —di) 3)

= Generalization.
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KETKF Problem

New cost function (representer theorem)

argminJ(a) = ——a'Ka + Z||d — K3, (4)
a€cRd 2 2

with K = (r(h;, hj))1<ij<g € R?%9, the kernel matrix on the observed data.
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KETKF Problem

New cost function (representer theorem)

argminJ(a) = ——a ' Ka + - |d — Ka)3, (4)
a€eR? 2 2

with K = (r(h;, hj))1<ij<a € R?%9 the kernel matrix on the observed data.

Ensemble augmentation strategy to handle nonlinear observation operators

(Evensen, 2006)
E? AT Xf R

with A7 € R(m+d)*N ohtained from P?1/2, the covariance matrix of the augmented ensemble.
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KETKF Problem (general case)

New cost function (representer theorem)
N—-1

argmin J(a) = ——a ' Ka + f||d NuKa|3. (6)
acRm+d 2
° Ny [%':m Ol'zd] € R(m+d)x(m+d) projection onto the observation space;
m
o K KXT Kxh € R(M+d)x(m+d) \ith:
Kxv  Knu
o Kx = ( (af ajf))1<,-7j§m c Rmxm. o Ky = (ﬁ(l";i’lt;j))lg’.’jgd c Rdxd;
o Kux = (r(af, hy))i<i<mi<j<a € R™; ° (a}(T)1§,'§m are the rows of X'

ophie Mauran+ andrine Mouyss: CANUM 2026



KETKF: Update of the Mean

New cost function (representer theorem)

5 N1 1~
argmin J (o) = TaTKa + §||d — NMuKal3. (M)

acRI+m

Solution of (7) (First-order Necessary and Sufficient Condition)

o] K e | ®)
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KETKF: Update of the Mean

New cost function (representer theorem)

. N-—1 1~
argmin J (o) = TaTKa + §||d — MuKalj3. (M)

acRI+m

Solution of (7) (First-order Necessary and Sufficient Condition)

@ = [25] = v - pes w-1a) ®)

Ensemble Mean after Analysis

% = %"+ Kxu[(N — 1)lg + Kn] 1d. (9)
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Computation of the Analysis Error Covariance Matrix P5

@ Random variable perspective: o ~ N (o, P%).
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Computation of the Analysis Error Covariance Matrix P5

@ Random variable perspective: o ~ N (o, P%).
@ A realization of the state after analysis: x* = xf 4 MxKa.

Expression of P (analysis error covariance matrix)

P% = NxKP*Kny. (10)
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Computation of the Analysis Error Covariance Matrix P5

@ Random variable perspective: o ~ N (o, P%).
@ A realization of the state after analysis: x* = xf 4 MxKa.

Expression of P (analysis error covariance matrix)

P% = NxKP*Kny. (10)

We can also approximate P<:

Approximation of P [Auroux, 2003]

P* ~ [V27(a)] 2, (11)

with

~ N—1 1~
Va e R™ J(a) = TQTKa +5lld - MuKal3.
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e Numerical experiments



Experimental framework
Experimental framework

@ Lorenz-63 system with the DAPPER package (Raanes, 2024).

@ Observations: first two variables, every 25 time steps, 02 = 2.
@ Analysis RMS error and standard deviation averaged over 10 different seeds.
)

Different inflations and ensemble sizes.

Choice of the kernel
@ Linear kernel
o V(x,y) e RV xR, ki(x,y)=x"y.
@ Polynomial kernel .
e ¢: data preprocessing function (¢(x) € [-1,1]").
o W(x,y) R xRY, rp(xy) = (1+0(x) ()"
@ Weighting the linear kernel GTyR
1Ty
o V(x,y) e RY x RY,  kw(x,y) = ri(x,y)e V=1 , with ; the linear kernel.
1-(x"y)’
VN -1

ophie Mauran®™, Sandrine Mouysst CANUM 2026 19/24

e o= : Estimator of the standard error of the Pearson correlation (Soper, 1913)




Analysis: averaged RMSE and standard deviation

ETKF Linear kernel
v 2 x v 2
~__ . e s
ISR I o= L
Polynomial kernel Weighted linear kernel
x v : x v :
e
3 - =
(o B det it iid : &_‘,.,*r

i #)

=3=3

[ R s

@ ETKF and Linear kernel: similar results.
@ Weaker impact of the inflation with the Kernel ETKF. :
@ Lower to similar RMSE for the Weighted linear kernel for a fixed (N, infl).
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Results for the 10 experiments (N = 3 and infl = 1.1)

ETKF Linear kernel
e RMS error Standard deviation RMS error Standard deviation
b Forecast i
32 Analysis SE
= > iy 2 <P
i = i S
i = —_ ie - —_
1 P, — 1 < —
1 == — — 1 B3 _ —
i — i —
i — —
o X y z X y z M X y z X y z
Polynomial kernel Weighted linear kernel
RMS error Standard deviation RMS error Standard deviation
i == — - i = <= —
] — — ] — ~= — —
o p— 5 - —
) E— — ] —— —
“7 X y z X y z X Yy z X y z

@ Larger variability in the error for le linear Kernel compared to the ETKF.
@ No variability for the polynomial Kernel.
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Averaged rank of P, and relative error (N = 3 and infl = 1.1)

Polynomial kernel

Pa: relative error (%)

LT YT uw I A

o 10000 20000 30000 30000 50000
Analysis cycle

P.: frequently full rank.

Viauran®", Sandrine Mouysst

Weighted linear kernel

Pa: rank
Pa: relative error (%)

Low approximation error from the anomaly matrix.
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@ Conclusion and perspectives



Conclusion and perspectives

@ Development of a Kernel extension of the ETKF.
@ Experiments:

o Similar performances for the linear kernel ETKF and classical ETKF .
o Interest of using other kernels in the presence of nonlinearities.

Perspectives

@ More advanced experiments: different kernels and models.

@ Dealing with the size of K € R"PX("+P): |ocalisation strategy.

@ Choice of the kernels and tuning of their hyperparameters.
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Equivalence KETKF noyau linéaire / EnKF : mise a jour de la moyenne

@ Mise a jour de la moyenne du KETKF :
a2 =pf 4 Kxp[(N = 1)lg+ Ky d. (12)

@ Pour le noyau linéaire :
o Ky=HH =R YV2HXXTHTRY2 = (N - 1)R"V2HP HTR™V/?
~T A
o Kxy=XH =XX"H'RY?>=(N-1)PHTR'/?

Dans ce cas :
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Equivalence KETKF noyau linéaire / EnKF : mise a jour de la covariance

@ Mise a jour de la covariance du KETKF :

- ﬁ[KX + Kxu[(N = )14 + K] Kxnl: (13)

@ Pour le noyau linéaire :
o Kx=XX"=(N-1)Pf
o Ky=HH =R 2HXXTH R™Y2=(N—1)RV2HP HTRV/?
o Kxyy=XH =XXTHTRY2=(N_1)PTHTRV?

Dans ce cas :
¥ =P —P'H'[R+HPHT| 'HPf
_ B KHP'
= [l — KH]P!
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KETKF Algorithm

© Build the kernel matrix K.
@ Update the ensemble mean (solve a linear system of size d).
© Update the ensemble covariance P%.

Two approaches: 1 or 2 diagonalizations (O(n®) complexity).

Eig ition of Ky : Un, Sy (size d) Calculate P*
* I Eigen-decomposition of P : U,, %, (taille m + d) |
[ Eigen ition of P} : U, % (size m) |
‘ i irs of P : U = IIxKU,, ¥ = %! ‘
‘RX = U5V (obtained by ing at y;)‘ ‘ Ry — U2 (obtained by ing at 1) ‘

, Sandrine Mouysst CANUM 2026 5/14



Etape de rotation

Algorithm Etape de rotation de Ry, dérivé directement de [Farchi2019]

Require: 1< i< N—r¢ > l'indice de la boucle
Require: Rx > la matrice que nous allons augmenter d’une colonne
e+ 1.0
g rs+i
0 < \/\a/i - .
va va
1-8 =2 =2
: e ,_0 =e —o
Calculer Q. «+ 779 x| I a9 I € RIx4

LVa
W «— [Om RX] € Rmxd
Calculer Rx +— WQ. =0
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Rééchantillonnage de Ry

Algorithm Rééchantillonnage de Rx

Require: rymp € N > le facteur de rééchantillonnage

Require: U € R™*"= 1 [a matrice des vecteurs propres de Py tronquée a la colonne rs, le rang de P%
Require: ¥ € R™=*"= 1 [a matrice des valeurs propres de P% tronquée de ses valeurs propres nulles
Nsamp < Fsamp X I's

2: 0 € O(Nsamp, R) > matrice orthogonale de taille Ngamp

X « [x1,x2,...,xn,,,] € R™Neme avec x; ~ N(0, USY/2), i € [1, Neamp]
—1 —1
1+ Nsamp Nsamp e Nsamp
-1 L=t -
4 M < Nsamp Nsamp ) c RNsameNsamp
—1 -1 14 =1
Neomp Neomp + Feamp
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Rééchantillonnage de Ry

Algorithm Rééchantillonnage de Rx

10:

~ T . ’ . 7
X+—~U XM > matrice d’'anomalies centrée

: for i € [1,rs] do

Xj < )\,'XX,'

. end for

i—0x
UsampZsamp Veaamp < SVD(A) > avec Beamp = diag([Asamp,])
O <« O tronquée 3 sa N'¢™ ligne et 3 la colonne rs;.
o0
for i € [1,rs] do

Usamp,
end for =0

rsalmp X Asamp; X Usamp, > avec Usamp, les colonnes de Ugamp

ophie Mauran®™, Sandrine Mouysst CANUM 2026
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Rééchantillonnage de Ry

Algorithm Rééchantillonnage de Rx

=1
5 o -

c H§N><N
21 1 1
% F# c 14+ 5 _
2. Rx + Usamp OM > avec Usamp la matrice Ugamp tronquée a la colonne rg
return Rx =0
ophie Mauran®™, Sandrine Mouysst
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Comparaison numérique entre le KETKF a noyau linéaire et I'ETKF classique

a —— Kernel ETKF

3

2
Eos

0.6

03

3 4 5 6 7 8 949 3 4 5 6 7 8 949 3 4 5 6 7 8 94
N N N
Les deux algorithmes I’équivalence des méthodes comme prévu par la théorie. J
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Impact du prétraitement
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Impact du noyau tangent hyperbolique

ophie Mauran®™, Sandrine Mouysst

figures/hyptanfun.png

CANUM 2026

10/14



Impact du noyau tangent hyperbolique

ophie Maura

Phase space evolution

(b) L63 tranformed by hyperbolic tangent function, (c) L63 tranformed by hyperbolic tangent function,
(a) Classical L63 c = 10e-4 ¢ =3*10e-4
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Impact du noyau tangent hyperbolique

QQ plots of each variable of L63 with of without applying hyperbolic tangent function

x x transformed by hyperbolic tangent function, c = 10e-4  x transformed by hyperbolic tangent function, ¢ = 3*10e-4
o
o o
32 3 ks
g H s
< 0 O- O
b b o
° ° °
£ £ £
321, a1, H
ke
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles
y y transformed by hyperbolic tangent function, ¢ = 10e-4 y transformed by hyperbolic tangent function, c = 3*10e-4
o . o
32 ] g
-3 2 <
b b o
a °a °
£ £ £
& -2 & &
o o o
Theoretical Quantiles Theoretical Quantile Theoretical Quantiles
z 2 transformed by hyperbolic tangent function, c = 10e-4 2 transformed by hyperbolic tangent function, ¢ = 3*10e-4
o o
Ea E e
2 2 2
£ 3 3
S o0 O O
H 2 H
£ £ £
& -2, Fe Be
-3 -2 =1 o 1 2 3 -3 -2 -1 o 1 2 3 -3 -2 -1 o 1 2 3
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles
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Résultats LKETKF

figures/tests_LKETKF_clustersdis_plsnoyaux.png
ophie Mauran®™, Sandrine Mouysst CANUM 2026 13/14



Une piste pour traiter les discontinuités du LKETKF

figures/cluster_sup_4.

png

Extension des clusters avec chevauchement

Enjeux actuels

Contributions multiples des points sur les bords dans K.

= Trouver un moyen de pondérer les contributions tout en maintenant la semi-définie positivité de Kjoc.
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