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2D transport equation

We look for a numerical solver for a general 2D transport equation

∂f
∂t

(t , x , y) + A1(x , y)
∂f
∂x

(t , x , y) + A2(x , y)
∂f
∂x

(t , x , y) = 0

with divergence free property

∂x A1(x , y) + ∂y A2(x , y) = 0

without CFL condition, without system to invert.
I Backward Semi-Lagrangian (BSL2D) method is not conservative
I Splitting breaks the divergence free property

, Conservative Semi-Lagrangian (CSL2D)
, Cascade method

Prototype for gyrokinetic simulation / diocotron instability / limit of Vlasov equation with
strong magnetic field / poloidal plane
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BSL2D

Sonnendrücker, Roche, Bertrand, Ghizzo, JCP 1999

tn+1

tn

BSL (point-based)
f (xn+1

i ) = f (xn
d )

not conservative
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CSL2D - Conservative Semi-Lagrangian
Lauritzen, Nair, Ullrich, JCP 2010 (CSLAM)
Crouseilles, Mehrenberger, Sonnendrücker, JCP 2010 (1D)
Crouseilles, Glanc, Hirstoaga, Madaule, Mehrenberger, EPJD 2014

tn+1

tn

Ωij

Ω∗ij

CSL (volume-based)∫
Ωij

f n+1 =

∫
Ω∗ij

f n

conservative

I Tracks the whole cell backward in time
I Requires computing mass of irregular region Ω∗ij
I Mass conservative but complex in 2D
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CCSL2D - Why a (conservative) cascade method?

Main idea: Replace one difficult 2D problem by two easy 1D problems

Nair, Scroggs, Semazzi, Mon. Wea. Rev. 2002
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CCSL Step 1: Backtrack cell corners

I Trace the four corners of cell ABCD backward in time
I Obtain irregular quadrilateral A′B′C′D′ at tn

I Mass is conserved:
x

ABCD

f n+1 =
x

A′B′C′D′
f n
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CCSL Step 2: Build intermediate grid points

I Points at tn+1 on yj+1/2: F , A, B, G
I Backtrack to F ′, A′, B′, G′

I Third-order Lagrange interpolation at x = xi+1/2

I Gives zi+1/2,j+1/2
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CCSL Step 3: Construct intermediate cells Iij

I Left/right boundaries = vertical grid lines xi−1/2, xi+1/2

I Bottom boundary = average of zi−1/2,j−1/2 and zi+1/2,j−1/2

I Top boundary = average of zi−1/2,j+1/2 and zi+1/2,j+1/2

I Forms a Cartesian cell Iij
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CCSL Step 4: Column-wise 1D conservative remapping

I For each column i , apply 1D CSL reconstruction vertically

I Input: horizontal boundaries y i,j−1/2 and cell averages f
n
i,j

I Output: mass of each intermediate cell mIij

I Uses the same 1D conservative reconstruction as CSL1D
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CCSL Step 5: Column-wise 1D conservative remapping

I For each row j , apply 1D CSL reconstruction horizontally
I Input: vertical boundaries x i−1/2,j and intermediate cell masses mIij /∆x

I Output: mass of each backtracked cell mBij

I Finally, divide by ∆x∆y to get f
n+1
ij
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What can we do?

I Theoretical analysis of consistency error

⇒ study of the dominant error arising from geometric approximation of the
backtracked region.

I some modifications are proposed
I freestream-preserving correction that ensures exact volume conservation
I maximum-principle limiter

I numerical results on classical benchmarks
I linear advection

I rotation
I swirling deformation flow

I guiding center model
I classical diocotron instability
I "drift kinetic like" model with modified Poisson equation

I relativistic Vlasov-Maxwell model

All tests are in 2Dx × ODv or 1Dx × 1Dv

Chunyang Xu, Michel Mehrenberger, Chang Yang,
A conservative cascade semi-Lagrangian method for solving the
Vlasov equation,
Journal of Computational Physics 558 (2026) 114847
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Geometric error on the intermediate cell: O(h4)
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The cascade method: lemma for geometric error

I The curve has to be defined and smooth; it is not the case, if time step is too big
I Leads to O(h2) error for average mass

13 / 38



Introduction The CCSL2D method Numerical results Conclusion

Mapping for analysing error in the second direction
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Some issues

I Freestream preserving is not ensured: if f = 1, f does not remain = 1 after the
operations

I Freestream can be critical for long term accuracy and stability
I High order interpolation in semi-Lagrangian schemes can make violate the

maximum principle, in particular the positivity
I not always critical, but sometimes huge values can appear, especially when using

discontinuous data
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Modifications of the initial method of Nair, Scroggs, Semazzi, 2002

I Conservation of backtracked volume

⇒ adjust vertical edges

I Conservation of maximum principle

⇒ linear combination with linear reconstruction
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Freestream preservation correction

Bij

Problem:
VBij 6= ∆x∆y

Uniform f = 1 not preserved

Correction

B∗ij

Solution:
VB∗ij

= ∆x∆y

Uniform f = 1 preserved

Freestream preservation: Adjust boundaries to conserve volume

I Original CCSL: backtracked cell Bij does not preserve volume
I Even with ∇ · A = 0, VBij 6= ∆x∆y

I Freestream preservation correction: adjust cell boundaries
I Ensures VB∗ij

= ∆x∆y

I Uniform state f = 1 is exactly preserved
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Rotation ∆t = 0.25
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Swirling Deformation Flow test
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Swirling Deformation Flow ∆t = 0.125
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Case of discontinuous data test
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Case of discontinuous data ∆t = 0.03125, CFL = 5, Nx = Ny = 160
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Guiding center model
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Guiding center model
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Guiding center model

Figure: Cascade (left), BSL (right)

t = 10, 30
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Guiding center model

Figure: Cascade (left), BSL (right)

t = 50, 100
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Guiding center model: conservation of invariants
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Guiding center model, with modified Poisson equation
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Guiding center model, with modified Poisson equation

29 / 38



Introduction The CCSL2D method Numerical results Conclusion

Guiding center model, with modified Poisson equation
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Guiding center model, with modified Poisson equation
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Guiding center model, with modified Poisson equation
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Guiding center model, with modified Poisson equation
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Vlasov-Maxwell 1dx1d
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Vlasov-Maxwell 1dx1d
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Vlasov-Maxwell 1dx1d
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Vlasov-Maxwell 1dx1d
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Conclusion

I Conclusion
I Study of geometrical error, numerical results
I Improvement for being both conservative and for freestream preserving
I Improvement for maximum principle
I Numerical results in plasma physics classical benchmarks
I Special test for freestream

I Perspectives
I parallelization
I higher dimensional simulations
I other geometries
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