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What are surfactants
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Surfaftant > Hydrophlllc
* Molecules with amphipatic structure §-§ éﬁ 1_1
« Common examples: soap, cell membrane. O O > Hydrophobic
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I
air bubble
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Constructing the model

Regions occupied by the fluids Regions occupied by surfactants
1 fluid 1 (water), -
B, x) = { | | o(t. x) = 1 saturated with surfactants,
—1 fluid 2 (air) . O absence of surfactants.

Interface between the two fluids: {x € Q : ¢(¢, x) = 0}, Interface thickness: €...
interface thickness: €p-
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Constructing the model

Regions occupied by the fluids Regions occupied by surfactants
1 fluid 1 (water), -
b1, x) = { | | o(t. x) = 1 saturated with surfactants,
—1 fluid 2 (air) . O absence of surfactants.

Interface between the two fluids: {x € Q : ¢(t,x) = 0}, Interface thickness: €..
interface thickness: €p-

, €, , 1 1
|V +E|VC| +—f¢(¢)+€—ﬁ(0)+F(¢,0)dx

€
(e, c) =J ¢ :
¢

o 2
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Constructing the model

Regions occupied by the fluids Regions occupied by surfactants
1 fluid 1 (water), -
b1, x) = { | | o(t. x) = 1 saturated with surfactants,
—1 fluid 2 (air) . O absence of surfactants.

Interface between the two fluids: {x € Q : ¢(t,x) = 0}, Interface thickness: €..
interface thickness: €p-

, €, , 1 1
|V +E|VC| +—f¢(¢)+€—ﬁ(0)+F(¢,0)dx

€
(e, c) =J ¢ :
¢

o 2

_ Ly
f¢(¢)—16(¢ 1y

gb potential 1

fi(c) =c*(1 -c)?

¢ potential
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Constructing the model

Regions occupied by the fluids

1 fluid 1 (water),

P(t, x) = {—1 fluid 2 (air) .

Interface between the two fluids: {x € Q : ¢(t,x) = 0},

interface thickness: €p-

€
(e, ) =J ¢

o 2

N PPTRIe
Jy(@#) =@~ 1)

gb potential 1

fi(c) =c*(1 -c)?

¢ potential
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Regions occupied by surfactants

ot x) = 1 saturated with surfactants,
’ 0 absence of surfactants.

Interface thickness: €..

2, C o 1
IVoI"+ Vel + —Jy(d) + —Jle) + F(, c)dx

€

F(¢, c) is the coupling potential,

F(¢,c) = pp’c —ypc —a|Vp|*c + 5|V |*.
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Constructing the model

Regions occupied by the fluids

1 fluid 1 (water),

P(t, x) = {—1 fluid 2 (air) .

Interface between the two fluids: {x € Q : ¢(t,x) = 0},

interface thickness: €p-

(e, ) =J v

o 2

N PPTRIe
Jy(@#) =@~ 1)

gb potential 1

fi(©) = (1 = c)

¢ potential
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|V¢|2+%|Vc|2+

Regions occupied by surfactants

1 saturated with surfactants,
c(t,x) =

0 absence of surfactants.

Interface thickness: €..

€

1
— Jp(P) +

eif};(C) + F(¢, c)dx

F(¢, c) is the coupling potential,

F(g,c) =

po’c

Lyd3ic—a|Vo|lPc+ 5|Vt
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Constructing the model

Regions occupied by the fluids

1 fluid 1 (water),

P(t, x) = {—1 fluid 2 (air) .

Interface between the two fluids: {x € Q : ¢(t,x) = 0},

interface thickness: €p-

(e, ) =J v

o 2

N PPTRIe
Jy(@#) =@~ 1)

gb potential 1

fi(©) = (1 = c)

¢ potential
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Regions occupied by surfactants

c(t,x) =

1 saturated with surfactants,
0 absence of surfactants.

Interface thickness: €..

€

, €, , 1 1
|V +E|VC| +—f¢(¢)+€—ﬁ(0)+F(¢,0)dx

F(¢, c) is the coupling potential,

F(¢,c) = pp*c

— vy c

—a|VolPc+8|Vo|*.

CMAP - école polytechnique



Context | Model | DDFV discretization | Discrete results | Convergence | Numerical results

Constructing the model

Regions occupied by the fluids Regions occupied by surfactants
1 fluid 1 (water), -
b1, x) = { | | o(t. x) = 1 saturated with surfactants,
—1 fluid 2 (air) . O absence of surfactants.

Interface between the two fluids: {x € Q : ¢(t,x) = 0}, Interface thickness: €..
interface thickness: €p-

64) 2 €c 2 1 1
£(p,c) = J LIVGP + LIVl +— ) +—f(O) + F(, )
Q €¢ €.

| F(¢, c) is the coupling potential,
Jo(d) = 1—6(452 — 1)

F(¢,c) = pp*c —ypc - a|Vp|*c|+ 5|V |*.

gb potential 1

fi(c) =c*(1 -c)?

¢ potential
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Constructing the model

Regions occupied by the fluids Regions occupied by surfactants
1 fluid 1 (water), -
b1, x) = { | | o(t. x) = 1 saturated with surfactants,
—1 fluid 2 (air) . O absence of surfactants.

Interface between the two fluids: {x € Q : ¢(t,x) = 0}, Interface thickness: €..
interface thickness: €p-

€¢ 2 €c 2 1 1
£(p,c) = J LIVGP + LIVl +— ) +—f(O) + F(, )
Q €¢ €.

| F(¢, c) is the coupling potential,
Jo(d) = 1—6(452 — 1)

F(¢,c) = pp’c —ypc —a|Vp|*cl+ 5|V |*.

gb potential 1

—> —q|Vo|Pc+68|Ve|

fle)=c*(1 =c) a a’c?
= 3|V —~0)? - —

¢ potential

Margherita Castellano CMAP - école polytechnique



Context | Model | DDFV discretization | Discrete results | Convergence | Numerical results

Constructing the model

We seek ¢ : (0,7) X Q — Randc: (0,7) X 2 — R, such that

0,0 = Au, in (0,7) x Q

p=—eyAd + L f3(@) + 0,F(h,c),  in(0,T)XQ
€

4 J,c = An, in (0,7) X Q
1
n=-—elAc+—f(c)+0.F(¢,c), in (0,7) x Q
€C
Vo - W=Ve-"=Vu-w=Vy-w=0 0ono0,7T)xQ

L
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Constructing the model

We seek ¢ : (0,7) X Q — Randc: (0,7) X 2 — R, such that

0,0 = Au, in (0,7) x Q

p=—e,Ad+ L f3(@) + 04F(p,c),  in(0,T)xQ
€

4 J,c = An, in (0,7) X Q
1
n=-—elAc+—f(c)+0.F(¢,c), in (0,7) x Q
€C
Vo - W=Ve-"=Vu-w=Vy-w=0 0ono0,7T)xQ

L

d
Energy dissipation over time: E%(gb, c) = — J

|VMF—J|VnPso
Q Q
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Discrete Duality Finite volumes

1. Good approximation of the gradient
2. Definition of a discrete divergence in duality
3. Possibility of non-conforming mesh

4. Works for Navier-Stokes coupling
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Mesh with deformed

Mesh with two interfaces Locally refined mesh
quadrangles

Mesh with hexagons
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Discrete Duality Finite volumes

Unknowns are piece-wise constant functions,

defined at the centers and at the vertexes of the
controls volumes.
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defined at the centers and at the vertexes of the
controls volumes.
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Discrete Duality Finite volumes

Unknowns are piece-wise constant functions,

defined at the centers and at the vertexes of the
controls volumes.

Vector of unknowns:

u
Uy = ( () ke > e RV7, with T = 4 U M*
(Ug) gre.
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Discrete Duality Finite volumes

Unknowns are piece-wise constant functions,

defined at the centers and at the vertexes of the
controls volumes.

Vector of unknowns:

u
Uy = < (dke.n > e RV7, with T = 4 U M*
(Ug) gre.
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Discrete Duality Finite volumes

Unknowns are piece-wise constant functions,

defined at the centers and at the vertexes of the
controls volumes.

Vector of unknowns:

Up = < (MK)KG‘/% > = RNg, with T = 4 U H* The discrete gradient V@uT is defined on the
(Ug) e u diamond mesh .

Margherita Castellano CMAP - école polytechnique



Context | Model | DDFV discretization | Discrete results | Convergence | Numerical results

Discrete gradient and discrete divergence

The discrete gradient:

VZ: RM — (R%?,

( 5 )
VZ%ur - (x; — XxXx) = Uy — Uy,
(VPuz)peo such that rL TR LR
VPuUr s (X6 — X)) = Uy s — Uges -
T ° Xpx — Xk L+ — Uk

. _J
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Discrete gradient and discrete divergence

The discrete gradient: The discrete divergence:
V7 RV - (RY)? div’ : (R?)? — R
r ~ Stokes formula

(VPuz)peo such that J div £ = J R .
D _ v &g = oo m = m,ép - n VK.
N Vit e = ) =t = e o DZ:'ZK S
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Discrete gradient and discrete divergence

The discrete gradient: The discrete divergence:
V7 RV - (RY)? div’ : (R?)? — R
r ~ Stokes formula

(VPuz)peo such that J div £ = J R .
D _ v &g = oo m = m,ép - n VK.
N Vit e = ) =t = e o DZ:'ZK S

Green’s theorem (with homogeneous B.C.)

J div (Ex)ur = — [ £ - VU
Q

Q
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The discrete problem

Knowing (¢7, c}}) find (qb”“, ,uéf“ ”+1, ;7T+1) such that

( n+1 ¢T Az div (V@ +1)’ %a¢(C|V¢|2)
n+l _ d D pn+l 1 Jo n+1 P n+1 +1 o) dl n+1 o9 ¥+1+4’¥ T rn+l
Hr — €, v (V2 prthy + ¢d (G177 ) +d (P, 7 ) +2adiv (c V=( 5 ) +I1" 7
4 —5divi (V2 it | V2 it |2y

c?“ cp = Ardiv( V9n¥+l),

1
it = — e div (Ve + —dl(cl, ey + dP(p) a@T(v%T) +IT7 ¢!
€

c

R 0 (c|Vp|?)
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The discrete problem

Knowing (¢7, c}}) find (qb”“, ,uéf“ ”+1, ;7T+1) such that

( n+1 ¢T Az div (V@ +1)’ ~ a¢(C| Vo |2)
| n n
n+l _ di VQZ n+1 1df¢ n+1 dP n+1 +1 2adi n+lyP T+1+¢T HT n+1
Hr — €, AV ( ¢T ) + € (¢T’ ¢T )+ (¢T’ ) +2adlv (C ( 5 ) ¢
4 —5divi (V2 it | V2 it |2y
el — en = Ardivi (V2yrth . .
T T T 7 Primal & Dual mesh —» Diamond mesh
1
nit! = = e diVI(VIepth) + —dii(cf oft) + dE@R) —aP (V7 ) +TT ¢! 4 R
k € We define for any D € 9,
~0,(c|Vpl*) 1
cp = —[ c,(x)dx
m
_ v y,
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The discrete problem

Knowing (¢7, c}}) find (qb”“, ,uéf“ ”+1, ;7T+1) such that

( n+1 ¢T Az div (V@ +1)’ ~ a¢(C| Vo |2)
| n n
n+l _ di VQZ n+1 1df¢ n+1 dP n+1 +1 2adi n+lyP T+1+¢T HT n+1
Hr — €, AV ( ¢T )+ € (¢T’ )+ (¢T’ ) +2aqlv (C ( 5 ) ¢
< —5div (v9¢;+1 | V@¢n+1 | )
n+l _ D n+l1
Cr = Ardiv'(V nr ) Primal & Dual mesh —» Diamond mesh
1
;7;“ — e AV (VI ™) + —dis(cq of ™) + dE(@p) —a P (V7 ) +TT ) 4 R
k €c We define forany D € 9,
~0.cIVgP) 1
cp = —[ c,(x)dx
m
_ v Y,

Diamond mesh —» Primal & Dual mesh

[ @T(V%T)z[ IV |? )
Q

Margherita Castellano CMAP - école polytechnique



Context | Model | DDFV discretization | Discrete results | Convergence | Numerical results

The discrete problem

Knowing (¢7, c}}) find (qb”“, ,uéf“ ”+1, 1755-'_1) such that

( n+1 ¢T Az div (V@ +1)’ ~ a¢(C| V¢ |2)
| n n
n+l _ di VQZ n+1 1 df¢ n+1 dP n+1 +1 2adi n+lyP T+1 + ¢T HT n+1
Hr — €, AV ( ¢T )+ — € (¢T’ ¢T )+ (¢T’ ) +2adlv (C ( 5 ) ¢
< —5divT (V2 gt | V2 gt |2)
el — en = Ardivi (V2yrth . .
T T T /) Primal & Dual mesh —» Diamond mesh
1
nit! = = e diVI(VIepth) + —dii(cf oft) + dE@R) —aP (V7 ) +TT ¢! 4 R
k €c We define forany D € 9,
~ 0(c|V|*) 1
cp = —[ c,(x)dx
m
_ 0P Y,

Diamond mesh —» Primal & Dual mesh

[ @T(V%T)z[ IV |? )
Q

Link Primal & Dual mesh (for convergence)

1
(VMT e RNz, [[ HTMT, Ur ]]T — b ||uhM U M*”LZ(Q) )
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Discrete results

Proposition: Unconditionally stable energy estimate

Let (¢)2, cI*) be given. Suppose there exists a solution (¢!, u*t!, ¢l yi+1) to the discrete problem.

Then, for all time step At, a discrete energy equality holds.
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Discrete results

Proposition: Unconditionally stable energy estimate

Let (¢h2, c) be given. Suppose there exists a solution (¢!, ,u?“, c?“, ;7;5“) to the discrete problem.

Then, for all time step At, a discrete energy equality holds.

— A priori bounds on the solutions:

« L®(0,T; H(Q)) bound on ¢, cr . L*(0,T; H(Q)) bound on W, Ny
. L®(0,T; L*£2)) bound on VZ ¢~ . L*(0,T; H'(€2)) bound on d,¢%, 9,c”
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Discrete results

Proposition: Unconditionally stable energy estimate

Let (¢h2, c) be given. Suppose there exists a solution (¢!, ,u?“, c§3+1, ;753“) to the discrete problem.

Then, for all time step At, a discrete energy equality holds.

— A priori bounds on the solutions:

« L®(0,T; H(Q)) bound on ¢, cr . L*(0,T; H(Q)) bound on W, Ny
. L®(0,T; L*£2)) bound on VZ ¢~ . L*(0,T; H'(€2)) bound on d,¢%, 9,c”

Proposition: Existence of a discrete solution

Let (¢b7, c7) be given. Suppose that f,(¢) and f.(c) satisfy a dissipativity condition, and that the polynomial
terms satisfy the polynomial growth hypothesis.

Then, there exists at least one solution (¢!, utt!, ¢+ it to the discrete problem.

Proof. Topological degree (Brouwer fixed point).
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Convergence of the numerical scheme

Convergence theorem

Let At, h — 0 with reg(T) bounded. Assume ( c§’ <M a.e.in(0T)xQ. (%) )

Then, up to a subsequence, the approximate solutions converge to a weak solution (¢, c, u, 17) of the continuous problem:
. hAt — ¢ strongly in L*(0,T; L*(Q)), thbhm — V¢ strongly in L*(0,T; L*(Q))?

. chA’ — ¢ strongly in L*(0,T; L*(QY)), thhm — V¢ weakly in L*(0,T; L2(Q))?

e u =, et = p weakly in L*(0,T; H'(Q))
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Convergence of the numerical scheme

Convergence theorem

Let At, h — 0 with reg(T) bounded. Assume ( c§’ <M a.e.in(0T)xQ. (%) )

Then, up to a subsequence, the approximate solutions converge to a weak solution (¢, c, u, 17) of the continuous problem:
. hAt — ¢ strongly in L*(0,T; L*(Q)), thbhm — V¢ strongly in L*(0,T; L*(Q))?

. ChA’ — ¢ strongly in L*(0,T; L*(QY)), thhm — V¢ weakly in L*(0,T; L2(Q))?

e u =, et = p weakly in L*(0,T; H'(Q))

Proof. Three-step strategy

STEP 1: Existence of limits (¢, u, ¢, n7)
STEP 2: Pass to the limit in the system: 2 non identified limits — &, y
STEP 3: Identify £, y via Minty’s trick and convergence of norms
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Step 1: existence of limits

1) Proposition: Existence of the limits

There exist ¢, c, u,n € L2(O,T; H 1(Q)), such that (up to a subsequence)

hAt — ¢, chA’ — ¢ strongly in L2(O,T; LZ(Q))
. thbhA’f —~ Vo, thhm —~ Ve weakly in L*(0,T; L*(Q))?

At

e A e

Primal and dual approximations share the same limits

Proof. Discrete Aubin—-Simon lemma (Gallouét-Latché) + Penalization term
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Step 1: existence of limits

1) Proposition: Existence of the limits

There exist ¢, c, u,n € L2(O,T; H 1(Q)), such that (up to a subsequence)

hAt — ¢, chA’ — ¢ strongly in L2(O,T; Lz(Q))
. thbhA’f —~ Vo, thhm —~ Ve weakly in L*(0,T; L*(Q))?

e A e

Primal and dual approximations share the same limits

Proof. Discrete Aubin—-Simon lemma (Gallouét-Latché) + Penalization term

2) Since V"¢ is bounded in L¥(0,T; L*), we get V"¢ — V¢ weakly in L*(0,T; L*(€2))*.
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Step 2: limit equations (with unidentified terms)

\
Convergence of the non-linear

polynomial terms thanks to the
L penalization term.

Proposition: Limit equations

T

J

(0w +Vu-Vy) = J ¢y (0,")
JOo JQ Q

T
(~1t = 3@) + 9y, )y + (€, Vp = 2acV ) - Vy = _5J j £ vy
Q

J0O JQ 0

(—=oy,c+Vn-Vy) = J Oy (0,)

JO JQ Q

T

T
[ <—n+%f;<c>+acp<¢,c>>w+€cv(f'W=“[ J o
Jo JQ ‘ ’
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Step 2: limit equations (with unidentified terms)

\
Convergence of the non-linear

polynomial terms thanks to the
L penalization term.

Proposition: Limit equations

T

J

(0w +Vu-Vy) = J ¢y (0,")
JOo JQ Q

T
(~1t = 3@) + 9y, )y + (€, Vp = 2acV ) - Vy = _5J j £ vy
Q

J0O JQ 0

(—=oy,c+Vn-Vy) = J Oy (0,)

JO JQ Q

n — (l
1 C 0 Q

—> E2=|Vp|’Vp, y2=|Ve|

Only weak gradient convergence = cannot identify cubic and quadratic limits directly.
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Step 3a: identifying E = |V¢ \2 V¢

We use Minty’s trick

1)  Under ( % ): M= >0

T
— Minty inequality: J

\ 2a(M = )| V= Vo IP + 5 Vyr PV = &) - (Vyr = V) > 0
0 JIQ
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Step 3a: identifying E = |V¢ \2 V¢

We use Minty’s trick

1)  Under ( % ): M= >0

T
— Minty inequality: J

\ 2a(M = )| V= Vo IP + 5 Vyr PV = &) - (Vyr = V) > 0
0 JIQ

2) Takey =¢ ttw,t —> 0 —_—> €-§=V-(IV¢|2V¢) j
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Step 3b: identifying y = | V¢ |

Strong convergence of the gradient

|dentified by Minty

T T
|| et or@o (V0 -2aev8) v =3 | (VoPVg) vy
0 JQ 0 JQ

r T
J [ <_’7+€ifé(C)+acF(¢,C))l//+€CVC Vl// = (l[ J Xy
0Ja ‘ 0JQ
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Step 3b: identifying y = | V¢ |

Strong convergence of the gradient
|dentified by Minty

T T
|| et or@o (V0 -2aev8) v =3 | (VoPVg) vy
0 JQ 0 JQ

T T
J [ <_’7+€ifé(C)+acF(¢,C))l//+€CVC Vl// = (l[ J Xy
0 JQ ¢ Q

0

N

1) Test()withy = ¢ tim sup (3 A1V gt ) < ‘ 1Vl gl

h,At—0 n=1
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Step 3b: identifying y = | V¢ |

Strong convergence of the gradient

|dentified by Minty

T T
|| et or@o (V0 -2aev8) v =3 | (VoPVg) vy
0 JQ 0 JQ

T T
J [ <_’7+€ifé(C)+acF(¢,C))l//+€CVC- Vl// == (l[ J ya's
0 JQ ¢ Q

0

N

1) Test(*)withy = g: tim sup (3 A1V gt ) < \ 1Vl gl
h,At—)O n=1
T
2) Weak lower semicontinuity lllzrzltl%f(z At||V9¢T||L4(Q)> J IVPlI}iqdr-

n=1
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Step 3b: identifying y = | V¢ |

Strong convergence of the gradient

|dentified by Minty

T T
|| et or@o (V0 -2aev8) v =3 | (VoPVg) vy
0 JQ 0 JQ

T T
J [ <_’7+€ifé(C)+acF(¢,C))l//+€CVC- Vl// - (l[ J )(l/j
Q ‘ 0

0 0

N

1) Test(*)withy = g: tim sup (3 A1V gt ) < \ 1Vl gl
h,At—)O n=1
T
2) Weak lower semicontinuity lllzrzltl%f(z At||V9¢T||L4(Q)> J IVPlI}iqdr-

n=1

h,At—0

T
—> | iim (2Ar||v%T||L4(Q)) [nwn;@)dr.
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Step 3b: identifying y = | V¢ |

Strong convergence of the gradient

|dentified by Minty

T T
|| et or@o (V0 -2aev8) v =3 | (VoPVg) vy
0 JQ 0 JQ

T T
J ‘A <_’7+€ifé(C)+acF(¢,C))l//+€CVC- Vl// - (l[ J )(l/j
Q ‘ 0

0 0

N

1) Test(*)withy = g: tim sup (3 A1V gt ) < \ 1Vl gl
h,At—)O n=1
T
2) Weak lower semicontinuity l;llrftl%f(z At||V9¢T||L4(Q)> J IVPlI}iqdr-

n=1

T Weak convergence + Convergence of the norms
— hm (Z At||V9¢T||L4(Q)> J ||V¢||i4(g)dr. = Strong convergence

— ()(=|V¢|2)

Margherita Castellano CMAP - école polytechnique



Context | Model | DDFV discretization | Discrete results | Convergence | Numerical results

Numerical simulations - surfactants stabilizing bubbles

Surfactant concentration, Dual mesh
" 4 0.0e+000.2 04 0.6 0.8 1.0e+00
urfactant concentration, Dual mesh

1.0e-01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0e+00 ] | I ﬂ
g -

oY Y
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Numerical coupling with Navier-Stokes equations

Time splitting
Step 1 — Let (¢7, c7, uy) be given, solve Cahn-Hilliard

(0,9+V - (u"$) = Ap,
1
H= = eyAp+—Fi($) +0,F (¢, 0)
b
< o,c+V - (u"p) = Ap,

1
n=—ehbc+—flc) +d.F(@,c),
€

C

Step 2 — Let (qb;“, c?“, u}) be given, solve Navier-Stokes

{atu+(u. V)u+Vp—uAu — _¢n+1vlun+1 _Cn+1V’,]n+1,
Veu=0
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Numerical simulations - surfactants around air bubbles with NS

Surfactant concentration, Dual mesh
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Numerical results

Numerical simulations - surfactants around air bubbles with NS

Surfactant concentration, Dual mesh
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Numerical simulations - surfactants around air bubbles with NS

Surfactant concentration, Dual mesh
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Numerical simulations - surfactants around air bubbles with NS

Surfactant concentration, Dual mesh
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Conclusion and perspectives

Conclusion

» Construction of an unconditionally energy-stable DDFV scheme
» Existence and a priori estimates of the discrete solution
» First convergence result for the Chan-Hilliard model with surfactants

* Numerical coupling with Navier-Stokes and energy estimate

Perspectives

» Existence of a discrete solution for the coupled Chan-Hilliard model with surfactants

» Existence proof for the continuous model
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