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Intro: multifractality in turbulence
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▶ Starting point: Navier-Stokes equation:
∂t⃗u+ u⃗ · ∇⃗u =−∇p+ 1

Re ∆⃗u
▶ Energy dissipation :

ε(t,x) = 1
2 Re ⟨trace∇

T u∇u)⟩(t,x)
▶ Lagrangian approach:

d
dt

Xt = u(t,Xt) =: Ut, εt := ε(t,Xt),

approximated by the simplified Langevin model

dUt =− 1
TL

(Ut −⟨U⟩)dt+
√

C0εt dBt.Dissipation ε in a direct numerical simulation
of the SQG equations, provided by Nicolas
Valade (INRIA - Calisto Team)

Kolmogorov’s refined theory (K62) of turbulence for fluctuations of the Lagrangian energy
dissipation ε prescribes a multifractal behaviour [Kolmogorov, 1962] [Frisch and Parisi, 1985]
[Frisch, 1995] (see also [Barral and Seuret, 2023a] and [Barral and Seuret, 2023b]), that induce

∃γ > 0, ∀t > 0, E
[∣∣∣∣1τ

∫ t+τ

t
εsds

∣∣∣∣p]≃ τ
γ2
2 (p−p2), τ small.



Multifractal Random Measures

Let γ > 0. We call a (1D) Multifractal Random Measure (MRM) a random measure Mγ on a
time interval [0,T] such that there exists p∗ for which

∀p ∈ (0,p∗), E[Mγ ([0,τ])p] ∼
τ→0

Cp τ
p− γ2

2 (p2−p).

▶ An example of MRM in the litterature (e.g. [Kahane, 1985], [Rhodes and Vargas, 2014],
[Shamov, 2016]) arises with the theory of Gaussian Multiplicative Chaos:

▶ consider a centred generalized Gaussian process (Zt)t∈[0,1] with covariance kernel

Cov(Zs,Zt) = γ
2 log+(

D
|t− s|

)+g(|t− s|)

for a constant D > 0 and a bounded continuous function g.

▶ For γ ∈ (0,
√

2), the random measure Mγ defined formally by

Mγ (A) =
∫ T

0
1A(s)exp

(
Z(s)− 1

2
E[Z2(s)]

)
ds, A ∈ B([0,T])

defines a MRM on [0,T] with p∗ = 2/γ2.
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Approximation of MRM by integrated Riemann-Liouville fBm

Main goal: approximate the MRM from Gaussian Multiplicative Chaos by a sequence of
stochastic processes (useful for both modelling and simulation perspective). Consider the
(rescaled) Riemann-Liouville fractional Brownian motion (BH

t )t∈[0,1] with Hurst parameter

H ∈ (0, 1
2 ):

BH
t :=

∫ t

0
(t− s)H− 1

2 dWs, with (Wt)t∈[0,1] a standard Brownian motion.

▶ For γ ∈ (0,
√

2), it is shown in [Forde et al., 2022] that the sequence

M(H)
γ (dt) = exp(γBH

t − γ2

2 Var(BH
t ))dt satisfies

∀p ∈ (0,
2
γ2 ), ∀τ ∈ (0,1), E[M(H)

γ ([0,τ])p]−−−→
H→0

E[Mγ ([0,τ])p],

where Mγ is a MRM. See also [Neuman and Rosenbaum, 2018] for a MRM approximation
using renormalized standard fBm.

▶ We would like to go a step further and approximate MRMs by a broader class of stochastic
processes.
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Motivation: "Markovian" approximation (from [Carmona et al., 2000])
Let KH(r) = rH−1/2. We start from the formula

KH(r) = cH

∫ +∞

0
e−rxx−

1
2 −Hdx, cH =

1
Γ(1/2−H)

.

Introduce a Gauss quadrature (wi,xi){1≤i≤N} of order N for
∫+∞

0 f (x)x−
1
2 −Hdx. We

approximate K by the sequence (K(N)
H )N≥1 where K(N)

H (r) = ∑
N
i=1 wie−rxi . This suggests:

BH
t ≃ BH,N

t := cH

∫ t

0
K(N)

H (t− s)dWs.

Moreover,

cH

∫ t

0
K(N)

H (t− s)dWs = cH

N

∑
i=1

wi

∫ t

0
e−(t−s)xi dWs = cH

N

∑
i=1

wiY
xi
t

where (Yxi
t )t∈[0,1] is an Ornstein-Uhlenbeck process starting from zero :

dYxi
t =− xiY

xi
t dt+dWt, Yxi

0 = 0.

Using standard results on the Wasserstein-1 distance between two centred Gaussian laws, we
can obtain the upper-bound

|E[φ(BH
t ))]−E[φ(BH,N

t ))]| ≤ CH

∣∣∣∣∫ t

0
((KH)

2(s)− (K(N)
H )2(s)) ds

∣∣∣∣
for Lipschitz functions φ : R→ R.
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Convergence at the integrated level: results in the litterature
Question: can we obtain an optimal rate of convergence when N →+∞ for

EN,H :=

∣∣∣∣∣E
[

φ

(∫
τ

0
exp(γBH

t − γ2

2
Var(BH

t )dt
)]

−E
[

φ

(∫
τ

0
exp(γBH,N

t − γ2

2
Var(BH,N

t )dt
)]∣∣∣∣∣ ?

▶ It is possible to use strong error estimates for stochastic Volterra equations (see
[Alfonsi and Kebaier, 2024]) to upper bound this quantity:

EN,H ≤ CH ∥φ∥Lip ∥KH −K(N)
H ∥L2([0,τ])

but this rate might be sub-optimal.
▶ In parallel, in [Bayer and Breneis, 2023] for the rough Heston model,

dSt =
√

VtSt

(
ρdWt +

√
1−ρ2dŴt

)
, ρ ∈ [−1,1], W ⊥⊥ Ŵ,

dVt =
∫ t

0
K(t− s)(θ −λVs)ds+

∫ t

0
K(t− s)γ

√
VsdWs, θ ,λ ,γ > 0,

the authors obtain the upper-bound:

|E[φ(St))]−E[φ(St))]| ≤ C∥K −K∥α

L1([0,t])

with α ∈ (0,1) (α = 1 when φ has compact support).
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Kernel sensibility of integrated Volterra process

We fix T > 0 and H ∈ (0, 1
2 ). We consider possibly singular kernels K and K with

∀t ∈ [0,T], K(t)≤ C1K(t)≤ C2tH− 1
2 ; |K′(t)| ≤ C3tH− 3

2 .

Our model of interest is the integrated Volterra process

Xt =X0 +
∫ t

0
b(s,Vs)ds+

∫ t

0
σ(s,Vs)dBs; B = ρW +

√
1−ρ2 Ŵ, W ⊥⊥ Ŵ,

Vt =
∫ t

0
K(t− r)dWr −α

∫ t

0
K2(t− r)dr; t ∈ [0,T], α ∈ R,

and its analogue when K is replaced by K:

Xt =X0 +
∫ t

0
b(s,Vs)ds+

∫ t

0
σ(s,Vs)dBs;

V t =
∫ t

0
K(t− r)dWr −α

∫ t

0
K2

(t− r)dr; t ∈ [0,T], α ∈ R.

▶ MRM approximation model =⇒ K(t) = γtH− 1
2 , b(s,v) = ev, σ(s,v) = 0 and α = 1

2 .

▶ rough Bergomi model =⇒ K(t) = tH− 1
2√

2H
, b(s,v) =− 1

2 eγv− γ2
2 s2H

, σ(s,v) = e
γv
2 − γ2

4 s2H
and

α = 0.
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Main results: weak error for kernel approximation

We consider a test function φ : R−→ R such that φ ∈ C4 and (φ (i),0 ≤ i ≤ 4) have at most
polynomial growth. We assume that b(s, ·) and σ(s, ·) has at most exponential growth.

Theorem 1 (Bossy, Martínez, M., 2025)

For every ρ ∈ [−1,1] and α ∈ R, there exists CH > 0 such that:

|E[φ(XT)]−E[φ(XT)]| ≤ CH

∫ T

0

{
∥K −K∥L1([0,t])+∥(K)2 −K2∥L1([0,t])

}
dt

The situation is in fact way better for our specific application case:

Theorem 2 (Bossy, Martínez, M., 2025)

For ρ = 0 and α = 1
2 , if b(s,v) = ev and σ(s,v) = ev/2 or σ(s,v) = 0, there exists CH > 0 such

that

|E[φ(XT)]−E[φ(XT)]| ≤ CH

∫ T

0
∥K −K∥L1([0,t])dt

Proof of Theorem 1 with α = 0 available in preprint [Bossy et al., 2025]. General proof with
technical adjustments and proof of Theorem 2 will be available in the new version coming soon
on Arxiv!
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Sketch of proof (σ = 0) - Step 1. The martingale approach

▶ We consider the filtration Fs = σ(Wr ; r ∈ [0,s]) for s ∈ T. The orthogonal decomposition
from [Viens and Zhang, 2019] writes:

∀s ≥ t ∈ T, Vs = γ

∫ t

0
K(s− r)dWr −

γ2

2

∫ t

0
K2(s− r)dr︸ ︷︷ ︸

Θt(s) ∈ Ft

+ γ

∫ s

t
K(s− r)dWr −

γ2

2

∫ s

t
K2(s− r)dr︸ ︷︷ ︸

It(s) ⊥⊥ Ft

.

▶ We derive that for any test function φ : R−→ R,

E[φ(XT)|Ft] =E
[

φ

(
Xt +

∫ T

t
b(VH

s )ds
)∣∣Ft

]
= E

[
φ

(
Xt +

∫ T

t
b(Θt(s)+ It(s))ds

)∣∣Ft

]
= u(t,Xt,(Θt(s))s∈[t,T]),

where u(t,x,ω) = Et,x,ω [φ(XT)] = E[φ(XT)|Xt = x,Θt = ω] for all
(t,x,ω) ∈ T×R×C([0,T],R).
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Sketch of proof - Step 2. Flow process and path derivatives

Consider the flow process:

Xt,x,ω
T = x+

∫ T

t
b(V t,ω

s )ds;

V t,ω
s = ωs + γ

∫ s

t
K(s− r)dWr −

γ2

2

∫ s

t
K2(s− r)dr, s ≥ t.

We define the function u : [0,T]×R×C([0,T],R) by u(t,x,ω) = E[φ(Xt,x,ω
T )] and define the

path derivative of u in ω ∈ C([0,T],R) in the direction η ∈ C([0,T],R) by:

⟨∂ω u(t,x,ω),η⟩= lim
ε−→0

u(t,x,ω + εη1[t,T])−u(t,x,ω)

ε
,

and we define in the same way the second path derivative
〈
∂ 2

ω u(t,x,ω),(η ,ζ )
〉
.
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Sketch of proof - Step 3. Regularity of u

Proposition

The function (t,x,ω) 7→ u(t,x,ω) := E[φ(Xt,x,ω
T )] belongs to C0,2,2([0,T]×R×C([0,T],R)) with

⟨∂ω u(t,x,ω),η⟩=E
[

φ
′(Xt,x,ω

T )
∫ T

t
b′(V t,ω

s )η(s)ds
]
,

⟨∂ 2
ω u(t,x,ω),(η ,ζ )⟩=E

[
φ
′′(Xt,x,ω

T )
(∫ T

t
b′(V t,ω

s )η(s)ds
)(∫ T

t
b′(V t,ω

s )ζ (s)ds
)]

+E
[

φ
′(Xt,x,ω

T )
∫ T

t
b′′(V t,ω

s )η(s)ζ (s)ds
]
, (η ,ζ ) ∈ C([0,T],R).

The differentiability in ω is interpreted as Fréchet differentiability. In particular the maps
η 7→ ⟨∂ω u(t,x,ω),η⟩ and (η ,ζ ) 7→ ⟨∂ 2

ω u(t,x,ω),(η ,ζ )⟩ are (bi)-linear continuous.
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Sketch of proof - Step 4. Growth control and singular derivatives

Definition

We say that u ∈ C0,2,2([0,T]×R×C([0,T],R)) has controlled path derivatives, if

| ⟨∂ω u(t,x,ω),η⟩ |≲ G(t,x,ω)
∫ T

t
L(s,ω)|ηs|ds

|
〈

∂
2
ω u(t,x,ω),(η ,ζ )

〉
|≲ G(t,x,ω)

{(∫ T

t
L(s,ω)|ηs|ds

)(∫ T

t
L(s,ω)|ζs|ds

)
+
∫ T

t
L(s,ω)|ηs||ζs|ds

}
for every η ,ζ ∈ C([0,T],R) and appropriate growth functions and G : [0,T]×R×C([0,T]×R)→ R+ and

L : [t,T]×C([0,T],R)→ R+.

Proposition

If u ∈ C0,2,2([0,T]×R×C([0,T],R)) has controlled path derivatives, then we may define the
path derivatives in the singular direction η(s) = K(s− t):

⟨∂ω u(t,x,ω),K( · − t)⟩= lim
δ→0

⟨∂ω u(t,x,ω),K(( · − t)∨δ )⟩

⟨∂ 2
ω u(t,x,ω),(K( · − t),K( · − t))⟩= lim

δ→0
⟨∂ 2

ω u(t,x,ω),(K(( · − t)∨δ ),K(( · − t)∨δ ))⟩
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Sketch of proof - Step 5. Functional Itô formula and PPDE

Let u ∈ C0,2,2(T×R×C([t,T],R)) with controlled path derivatives, and suppose that u is
continuously differentiable in time. Then we have the following (singular) functional Itô formula:

u(t,Xt,Θt)−u(0,x,0) =
∫ t

0

(
∂tu(s,Xs,Θs)+b(Vs)∂xu(s,Xs,Θs)

)
ds

+
∫ t

0

{
1
2

〈
∂

2
ω u(s,Xs,Θs),(γK( · − s),γK( · − s))

〉
− 1

2

〈
∂ω u(s,Xs,Θs),γ

2(K( · − s))2
〉}

ds+
∫ t

0
⟨∂ω u(s,Xs,Θs),γK( · − s)⟩dWs.

We also have the following path-dependent PDE for u:

Theorem (adapted from [Bonesini et al., 2023])

Under sufficient regularity hypothesis on u and its path derivatives we have

∂tu(t,x,ω)+b(ωt)∂xu(t,x,ω)

+
1
2

〈
∂

2
ω u(t,x,ω),(γK( · − t),γK( · − t))

〉
− 1

2

〈
∂ω u(t,x,ω),γ2(K( · − t))2

〉
= 0

with terminal condition u(T,x,ω) = φ(x).
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Sketch of proof - Step 6. - The weak error expansion

Let Θ = (Θt(s))0≤t≤s≤T defined by

Θt(s) = γ

∫ t

0
K(s− r)dWr −

γ2

2

∫ t

0
(K)2(s− r)dr.

We apply the functional Itô formula to u(t,x,ω) = E[φ(Xt,x
T )] and (t,Xt,Θt). We use the PPDE

satisfied by u, the bilinearity and symmetry of the map
〈
∂ 2

ω u(t,x,ω),( · , ·)
〉
:

E[φ(Xt)]−E[φ(XT )] = E[u(T,Xt,Θt)]−E[u(0,x,0)]

=E
∫ T

0

{
∂tu(t,Xt,Θt)+∂xu(t,Xt,Θt)b(Xt)

}
dt

+
γ2

2
E
∫ T

0

{〈
∂

2
ω u(t,Xt,Θt),(K( · − t),K( · − t))

〉
−
〈

∂ω u(t,Xt,Θt), K( · − t)2
〉}

dt

=
γ2

2
E
∫ T

0

〈
∂

2
ω u(t,Xt,Θt),((K −K)( · − t),(K +K)( · − t))

〉
dt

− γ2

2
E
∫ t

0

〈
∂ω u(t,Xt,Θt),((K −K)( · − t))× ((K +K)( · − t))

〉
dt
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Sketch of proof - Step 7. - Simplification with probabilistic representations

Using the probabilistic representations of the path-dependent derivatives we obtain that

E[φ(XT)]−E[φ(XT)] =
γ2

2
(I1 + I2−I3)

with

I1 =
∫ T

0
E

[
φ
′′(Xt,Xt ,Θt

T )
(∫ T

t
b′(V t,Xt

s )(K −K)(s− t)ds
)(∫ T

t
b′(V t,Xt

s )(K +K)(s− t)ds
)]

dt,

I2 =
∫ T

0
E

[
φ
′(Xt,Xt ,Θt

T )
(∫ T

t
b′′(V t,Xt

s )(K2 −K2)(s− t)ds
)]

dt

I3 =
∫ T

0
E

[
φ
′(Xt,Xt ,Θt

T )
(∫ T

t
b′(V t,Xt

s )(K2 −K2)(s− t)ds
)]

dt

Observe that when b(x) = exp(x), one has I2 = I3 !
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Consequence on multifractal random measure approximation

Coming back to the problem presented in introduction, we apply Theorem 2 with α = 1
2 ,

K(t) =KH(t) = γtH− 1
1 =⇒ Vt = γBH

t − γ2

2 Var(BH
t )

K(t) =K(N)
H (t) =

N

∑
i=1

wie−xit =⇒ V t = γBH,N
t − γ2

2 Var(BH,N
t )

where (xi,wi) is a Gaussian quadrature of γcH
∫

∞

0 e−xsx−1/2−Hdx; b(s,v) = ev and σ(s,v) = 0.
We obtain∣∣∣∣∣E

[
φ

(∫ T

0
eγBH

t − γ2

2 Var(BH
t )dt

)]
−E

[
φ

(∫ T

0
eγBH,N

t − γ2

2 Var(BH,N
t )dt

)]∣∣∣∣∣≤ CH

∫ T

0
|KH(t)−K(N)

H (t)|dt

Proposition

Suppose |φ(x)| ≤ Cφ (1+ |x|p) with p > 1 integer. If p = 2,3 and γ2 < 1
2 or if p > 3 and p < 1+ γ

2 , then

sup
H∈(0,1/2)

CH <+∞ (!!)
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Minimizing ∥K(N)
H −KH∥L1([0,T]): seeking for a quadrature method

What to do now ? Optimizing the Gaussian quadrature (xi,wi)0≤i≤N . To do so, we cut the

integral
∫

∞

0 e−xsx−
1
2 −Hdx in three parts:∫

∞

0
e−xsx−

1
2 −Hdx =

∫ a

0
e−xsx−

1
2 −Hdx︸ ︷︷ ︸

isolated integrable singularity

+
∫ b

a
e−xsx−

1
2 −Hdx︸ ︷︷ ︸

bulk

+
∫ +∞

b
e−xsx−

1
2 −Hdx︸ ︷︷ ︸

residual part

.

▶ The integral with isolated integrable singularity is approximated with a Gauss-Jacobi
quadrature with weight function w(x) = x−1/2−H on [a,b].

▶ The bulk integral is approximated with a Gauss-Legendre quadrature with weight function
w(x) = 1 on [−1,1], then transformed to a quadrature on [a,b] using an optimal change of
variables.

▶ Finally, the residual part is simply neglected, which requires to take b large enough.

Theorem 3 (Bayer-Breneis 2023, Koyama 2023)

We can construct an approximating kernel K(N)
H such that

∥K(N)
H −KH∥L1([0,T]) ≤ C e−αΦ

√
N ,

where α =
√

π/2(1+2H) and the constant C does not depend on H.
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Conclusion on MRM approximation

Combining the results of Theorem 2 and Theorem 3, we have obtained that

∀γ
2 ∈
(

0,
1
2
∧ 1

p−1

)
∀H ∈

(
0,

1
2

)
, |E[φ(XH,N

T )]−E[φ(XH
T )]| ≤ C e−αΦ

√
N

when K(N)
H (r) = ∑

N
i=1 wie−xir with the appropriate Gauss quadrature.

▶ Using that for this range of γ , we know from Forde and co-authors that the convergence

E[φ(XH
T )] = E[φ(M(H)

γ ([0,T]))]−−−→
H→0

E[φ(Mγ ([0,T]))] holds, we deduce that

|E[φ(X0,N
T )]−E[φ(Mγ ([0,T]))]]| ≤ C e−αΦ

√
N .

▶ This provides a weak approximation of the 1D MRM Mγ by a sequence of sums of
Ornstein-Uhlenbeck processes that converges exponentially fast.

▶ Our result only cover the range γ2 ∈ (0, 1
2 ∧

1
p−1 ). For p = 2, this restricts γ2 < 1

2 but Mγ is

defined for γ2 ∈ (0,1). In fact, we can show that for |φ(x)|≲ 1+ x2, then

∀γ
2 ∈ (0,1), |E[φ(XH,N

T )]−E[φ(XH
T )]| ≤ C

{
∥K −K∥L1([0,T])

}2(1−γ2)−
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Numerical simulations – trajectories

0 2 4 6 8 10
time

3

2

1

0

u t

Velocity ut  [TL = T0, C0 = 0.1, t = 10 6] 

0 2 4 6 8 10
0

1000

2000

t

Dissipation t  [ 2 = 1, T0 = 1, = 1, t = 10 6] 

Simulation for Hurst H = 0; Nq = 24 with (Koyama) optimal two-quadrature scheme

Figure 1: Approximated sample path for εt = eVt and dUt =− 1
TL
(Ut −⟨U⟩)dt+

√
C0εtdBt
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Numerical simulations – structure fonction for the time-averaged dissipation
Mγ [0,τ] =

∫
τ

0 εtdt

0 2 4 6 8 10
p

4

3

2

1

0
(p

)

Multifractality Curve for  = 0.1
approximated (mean in )
expected

Figure 2: Estimation of the structure fonction ζ (p) = limτ→0
log(E[Mγ [0,τ]p ])

log(τ) for γ2 = 0.1, N = 14,

NMC = 1,6×105, ∆t = 5×10−8, H = 0.005.
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Numerical simulations – structure fonction for the velocity increments

4 2 0 2 4
p

1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0.0
(p

)

Multifractality Curve for the velocity;  2 = 0.1, = 2e-07
approximated
expected

1.2M MC simulations, with t = 10 10, H = 0, Nd = 24 (Koyama type quadrature)

Figure 3: Estimation of ζ (p) = limτ→0
log(E[(U(t+τ)−U(t))p ])

log(τ) for γ2 = 0.1, N = 24, NMC = 1,2×106,

∆t = 10−10, H = 0.
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Thanks for your attention!
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