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Fluid structure interaction - Flutter

Flutter demo video
Flutter demo
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Fluid structure interaction - Flutter

Dynamic instability coming from aeroelastic
interactions
⇒ Vibrations and oscillations in the wing
structure

2d flutter model

Two phenomena are studied at Ingeliance :
• Predict the flutter speed

• Predict the post flutter behavior

Two test models
• OpenFOAM flutter model (Ingeliance)

• NaSCar forced oscillations (M. Bergmann)
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Limitations of linear subspaces Time-averaged NASCAR (domain restriction)
Test case: Time-averaged NASCAR with domain restriction.

• Studied parameter: frequency F; four wing cycles are used.
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Test case: Time-averaged NASCAR with domain restriction
Objective: Interpolate at F = 400.

0 2 4 6 8 10
x

−6

−4

−2

0

2

4

6

y

u0

0 2 4 6 8 10
x

−6

−4

−2

0

2

4

6

y

uref

0 2 4 6 8 10
x

−6

−4

−2

0

2

4

6

y

u1

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

NASCAR cases for three frequencies(A = 3500,H = 200, P = 0)
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Limitations of linear subspaces

Linear interpolation video
Convex Interpolation

CDI interpolation video
"Natural" interpolation

UsualModel order reductionmethods are based on linear subspaces (SVD, POD...)
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Limitations of linear subspaces

Interpolations for advection problems :
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How to interpolate non-linearly?

Wewill use a "good" mapping to transport
coherent structures.

Linear interpolation on values
+ Linear interpolation on transport
= Convex Displacement Interpolation

Iollo and Taddei (2022b)
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Interpolation

The interpolation we want
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Convex Displacement Interpolation
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Convex Displacement Interpolation
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Convex Displacement Interpolation
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Convex Displacement Interpolation
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Convex Displacement Interpolation

Let be, T andW, twomappings between the features.
s is an interpolation parameter.

Convex interpolation on transport :

Ws(x) = (1− s)x + sW(x)
Ts(ξ) = (1− s)ξ+ sT(ξ)

TheConvex Displacement Interpolation (CDI) interpolates solutions :

us(xs) = (1− s)u0(T−1s (xs)) + su1(W−1
1−s(xs))

The goal is to find a goodmapping.
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A parametrizedmapping : Free-FormDeformation

Mathias TRUEL - CANUM 2026 17/37



Limitations of linear subspace Non linear interpolation Mapping minimisation Numerical Results Conclusion and future works References

Findingmappings viaminimisation

Minimisation of two parametrized maps through displacement of 2× Ncp control points. We
minimise the functional:

J(T,W) = L2 alignment between u0 and u1
+ Bijectivity of T andW
+Wasserstein based terms for large displacements
+ . . .
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Findingmappings viaminimisation: L2 alignment

Weminimise the alignment of u0 and u1 by the mappings:

J(T,W) = α0∥u0(W(x)) − u1(x)∥l2 + α1∥u0(ξ) − u1(T(x))∥l2
+ Bijectivity of T andW
+Wasserstein based terms for large displacements
+ . . .

• Sensor Free alignment: No need to work on densities, or use markers
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Findingmappings viaminimisation: Bijectivity terms

We ensure bijectivity with two terms:

J(T,W) = α0∥u0(W(x)) − u1(x)∥l2 + α1∥u0(ξ) − u1(T(x))∥l2
+ α2∥W ◦ T(ξ) − ξ∥l2 + α2∥T ◦W(x) − x∥l2
+ α3∥barrier(det(∇T))∥l2 + α3∥barrier(det(∇T)))∥l2
+Wasserstein based terms for large displacements

Numerically cheap term
T andW are inverses of each other.

Strict but expensive term : Ensures positive
Jacobian det
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barrier(det∇T ) = (−ε log10(det∇T ))2
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Findingmappings viaminimisation: Wasserstein based terms
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The analytical GaussianWasserstein distance
1. Transform the fields into positive densities
with a sensor

2. Fit two gaussiansN(m0, Σ0) andN(m1, Σ1) on
u0 and u1

3. Compute the analytical Wasserstein distance
between the two gaussians

W(x) = m1 + Σ
−1/2
0

(
Σ
1/2
0 Σ1Σ

1/2
0

)
Σ
−1/2
0 (x − m0)

Fernández and Gerbeau (2009) :

ThisW2 with a sensor is only used for the first
iterations.

Mathias TRUEL - CANUM 2026 21/37



Limitations of linear subspace Non linear interpolation Mapping minimisation Numerical Results Conclusion and future works References

Solver iterations

Three outer iterations are performed:

1. W2(u0, u1) alignment without L2 alignment, with ∥T ◦W = I∥ for bijectivity
2. L2 alignment with ∥T ◦W = I∥ for bijectivity
3. L2 alignment with barrier method on jacobian determinant, until det(∇T) > 0.0

Usually only 1 iteration with jacobian is needed. To check that det(∇T) > 0.0 indeed.
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Control points constraints
Slip boundary conditions:

λ · n = 0 on ΓΩ

Control point constraints: source and target fields
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Piecewise definition of themapping

Control point constraints: source and target fields
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JAX implementation

FFD is implemented using the JAX library.

• Automatic differentiation for gradient computation

• GPU acceleration

Allow the use of an L-BFGS optimizer (Optax).

=⇒ Fast optimization ( 120s independent ofNcp)
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Results: Alignment of squares

Control point constraints: source and target fields
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Results: Alignment of squares

CDI interpolation video
"Natural" interpolation

Mathias TRUEL - CANUM 2026 28/37


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton3'){ocgs[i].state=false;}}




Limitations of linear subspace Non linear interpolation Mapping minimisation Numerical Results Conclusion and future works References

Results: Linear interpolation

Linear interpolation video
Linear interpolation
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Results: Alignment of squares

Piecewise FFD checkerboards
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Results: Alignment of NACA

NACA source, reference and target fields
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Results: Alignment of NACA

NACA Constraints of control points
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Results: Alignment of NACA

NACA source, reference and target fields and aligned fieldsMathias TRUEL - CANUM 2026 33/37
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Conclusion and future works

A tool to align fields:

• Does not depend on sensor to model fields

• Flexible and fast implementation

Perspectives for themethod:

• Try other parametrized mappings like RBF functions

• Use improved FFD formulations

• Solve the mapping velocity instead displacement: Handle obstacles and complex geometries

Ongoingworkswith ReducedOrderModels:

• Amulti-parametric andmulti-field version of the interpolation method: AWasserstein Barycenter like approach

• A clustered approach to construct local ROM bases on aligned fields

• Predict instationary fields
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Clustered ROM -Methodology proposal

• Cluster fields

• Learn the mappings in a cluster

• Construct a POD on the aligned
fields

• Construct a ROM on the aligned
fields

K-means clustering of field samples (k = 3)
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Thanks you for your attention!
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Annexe : Free Form Deformation

Annex: Alignment of squares costs

Cost function evolution during optimization
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Annexe : Free Form Deformation

Results: Alignment on Square cps

Piecewise FFD control points displacements
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Annexe : Free Form Deformation

Free-FormDeformation (FFD)

T : RNcp ×R3 −→ R3

λ, ξ 7−→ Tλ0(ξ) = x

In the coordinate system e1, e2, e3
x = x0 + t1e1 + t2e2 + t3e3
Themapping is defined as:

FFD(t1, t2, t3) =
l∑

i=0

m∑
j=0

n∑
k=0

Bli(t1)B
m
j (t2)B

n
k(t3)Pi,j,k

(1)
Here, Pi,j,k are the control points in the deformed
lattice, and l,m, n denote the degree of the
polynomial in each direction.

The (t1, t2, t3) coordinates can be calculated using:

t1 =
(e2 × e3) · (X − X0)

(e2 × e3) · e1
(2)

t2 =
(e1 × e3) · (X − X0)

(e1 × e3) · e2
(3)

t3 =
(e1 × e2) · (X − X0)

(e1 × e2) · e3
(4)

Where a Bernstein polynomial is defined as:

Bli(t) =
(
l
i

)
ti(1− t)l−i (5)
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