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Motivations

We are interested in simulating wave propagation in 2D unbounded media which can be described as
junctions of stratified media.

More precisely, we are interested in junctions of so-called open waveguides.

Simulations done with A-,

XLiFE++
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 |f k describes a junction of open waveguides, the behaviour at infinity is much more complex and
we cannot expect to characterize the solution by similar conditions.



Existing methods

Transparent boundary
conditions (DtN...)

Cannot be extended due to
the same difficulties as for
the radiation conditions.

Integral equations

Green’s function cannot be
computed directly.
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Transparent boundary
conditions (DtN...)

Cannot be extended due to
the same difficulties as for
the radiation conditions.

Integral equations

Green’s function cannot be
computed directly.

Perfectly Matched Layers

Seem to work with no rigorous
justification.



Alternative approach: limiting absorption principle

Consider the Helmholtz equation with dissipation € > 0
—Au, — (k* +ie)u, = finR3

It has a unique solution in H*(R?).

If there exists

up = lim u,
e—0

satisfying the equation without dissipation in L%OC(]R2), itis the physical solution.
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Consider the Helmholtz equation with dissipation € > 0
—Au, — (k* +ie)u, = finR3

It has a unique solution in H*(R?).

If there exists
up = lim u,
e—0

satisfying the equation without dissipation in L%OC(]R2), itis the physical solution.

Then, the aim is threefold:

Propose a formulation of the problem in presence of
dissipation adapted to these complex media which
passes to the limit and leads to a numerical method.
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Doing this for all the coupling equations between traces and for the equations involving the /\i operators
yields the CS-HSM system which is of Fredholm type.
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1. Can we (finally) pass to the limit?
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*If the limit problem has a unique
solution (ongoing work)

2. Can we recover the solution to the non-complexified problem?

We can compute a representation of the solution based on the complexified traces.

P olied ol(x) = / b o(5)NG (x: 5)ds  inQF C O

It is valid in a subdomain.

From this, we can recover the physical solution everywhere.
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e Pl al(ma) x) = [ Lo NE(ro0), xe)imo())ds J—

k(x2)

Is N analytic in x;and s?

1. Using a generalization of the Fourier transform derived by diagonalizing the operator —d2 kJ(-)2.

TheW’ " are its eigenfunctions and the U '+ are so-called generalized eigenfunctions.
N,

+oo S _
N2 (x;s) =) / WIEN, S)WRE(N, xp)e  VATECITA pE(X) A ) W ()W (xp)e” VAT baa),
— k2

n=1

2. Using the Fourier transform in X».

i : _ L .
N;:T(X; 5) - /R Wn(n)emxlqbg_”l(n, max(x2, S))qﬁs_"](n, m|n(x2, s)) d77_ ‘emxlee‘ _ e sin(0)

k(X2) = k_|_

X2
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Representation in open waveguides

While the approach is the same as in homogeneous media, the stratification poses additional challenges:
deriving a half-space representation adapted to the complex scaling.

vxe @, Ppll(x) = / 2 (s)N! (x; s)ds.

e Pl al(ma) x) = [ Lo NE(ro0), xe)imo())ds J—

k(x2)

Is N analytic in x;and s?

1. Using a generalization of the Fourier transform derived by diagonalizing the operator —d2 kJ(-)2.

TheW’ " are its eigenfunctions and the U '+ are so-called generalized eigenfunctions.
N,

+oo S _
N2 (x;s) =) / WIEN, S)WRE(N, xp)e  VATECITA pE(X) A ) W ()W (xp)e” VAT baa),
— k2

n=1

2. Using the Fourier transform in X».

i : _ . . i
N;(x; 5) — — /R W%emX1¢;—,J(n1 max(x2, S))¢s vJ(n, m|n(X2, S)) d77 el77e 9x1e0‘ =1

k(X2) = k_|_

X2

@60



Representation in open waveguides

While the approach is the same as in homogeneous media, the stratification poses additional challenges:
deriving a half-space representation adapted to the complex scaling.

X2k(X2) = k_|_
vxe @, Ppll(x) = / 2 (s)N! (x; s)ds.

e Pl al(ma) x) = [ Lo NE(ro0), xe)imo())ds J—

k(x2)

Is N analytic in x;and s?
—> Can we change path of integrationin A and n) ?

1. Using a generalization of the Fourier transform derived by diagonalizing the operator —d2 kJ(-)2.
TheW’ " are its eigenfunctions and the U '+ are so-called generalized eigenfunctions.

“+oo N, .
N2 (x;s) =) / WIEN, S)WRE(N, xp)e  VATECITA pE(X) A ) W ()W (xp)e” VAT baa),
—k; n=1

2. Using the Fourier transform in X».

i : _ . . i
N;(X; 5) — — /R W%emX1¢;—,J(n1 max(x2, S))¢s vJ(n, m|n(X2, S)) d77 el77e 9x1e9‘ =1
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Representation in open waveguides

While the approach is the same as in homogeneous media, the stratification poses additional challenges:
deriving a half-space representation adapted to the complex scaling.

. k(X2) = k_|_
e, PUAK) = [ N xis)ds :
e e Pl () 50) = [ L gSINA(ala), x2)i () J—
Is N! analytic in x; and s? " k(x2)

—> Can we change path of integrationin A and 7 ?

1. Using a generalization of the Fourier transform derived by diagonalizing the operator —d)2(2 — kJ(-)2.

Not adapted to the complexification as the V' *are meromorphic with an infinity of poles.

—+o0 N, .
Nis) = 30 [ WO TG sae VA ) A W (s g )
+ —Mgs n=1

2. Using the Fourier transform in X».
in _ :
N!(x: s :—/—e'”x1 I (n, max(xs, s I (n, min(x», s d.v
£(x; 5) W) ¢z (1, max(xz, )¢ " (1, min(xz, 5)) dn)
The only poles are zeros of Wg and correspond to the eigenvalues of the transverse operator —d>2<2 — kJ(-)zz there is at
most a finite number of poles. They can be computed numerically as well as the corresponding residues. 62



Perspectives and open questions
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Perspectives and open questions

The numerical analysis has yet to be done.
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Perspectives and open questions

The numerical analysis has yet to be done.

How to handle waveguides separated by small angles?

11
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