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» The scattering of electromagnetic waves by a negative material at frequency w.
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Negative materials

» The scattering of electromagnetic waves by a negative material at frequency w.

positive material N [ negative material
N 7S
candp >0 candforp < 0

» Examples of negative materials:

> Metals, such as silver or gold, at optical frequencies (¢ < 0 and . > 0).

> Negative metamaterials for well-chosen frequency ranges (¢ < 0 and ;1 < 0).
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& " Metamaterial

l Object
Metamaterial

Figure 1: Superlens Figure 2: Invisibility cloack

» Combining a positive material with a negative material is essential for many
applications.



Helmholtz problem lvein
Theoretical difficulty

> Givenw € Rand g € L?(Q), we introduce the Helmholtz problem:

7

Find u € H} () such that:
—div(e Vu) —w?pu=g inQ. & pu>0

by

— e, <0

7

{Find u € H5(Q) such that Vo € HA(Q) :

(e Vu, Vv)o,0 — w?(pu, v)o0 = (9,v)o.0

QCc R de {23}
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> Givenw € Rand g € L?*(Q), we introduce the Helmholtz problem:

Find u € H{(Q) such that:
—div(e Vu) —w?pu=g inQ. e, >0

—

Find u € H}(Q) such that Vo € H(Q) :
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QCcR?Y de {23}

coercive if e>0 everywhere ~ compact perturbation




Helmholtz problem lvein
Theoretical difficulty

> Givenw € Rand g € L?*(Q), we introduce the Helmholtz problem:

Find u € H{(Q) such that:
—div(e Vu) —w?pu=g inQ.

—

Find u € H}(Q) such that Vo € H(Q) :

d
(eVu,Vooo — w(uu,v)oa =(9,v)o0 QCR% de 2,3}

€eereive if e change sign  compact perturbation

~




Helmholtz problem lvein
Numerical difficulty

» Assume that k. := - # —1. The problem for u is well-posed in the Hadamard sense
g

+
for almost all frequencies.
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» Assume that k. := - # —1. The problem for u is well-posed in the Hadamard sense
g

+
for almost all frequencies.

Discretization with conforming Lagrange finite elements:
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Helmholtz problem loniaa

Numerical difficulty
» Assume that k. := - # —1. The problem for u is well-posed in the Hadamard sense

+
for almost all frequencies.
> An analytical solution w is given.

Discretization with conforming Lagrange finite elements:
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Helmholtz problem lvein
Numerical difficulty

» Assume that k. := - # —1. The problem for u is well-posed in the Hadamard sense
€+
for almost all frequencies.
> An analytical solution w is given.

» We study the behavior of the error e, := u — uy, with respect to h.
Discretization with conforming Lagrange finite elements:
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Helmholtz problem
Numerical difficulty

h -

» Assume that k. := - # —1. The problem for u is well-posed in the Hadamard sense
g

+
for almost all frequencies.
> An analytical solution w is given.

» We study the behavior of the error ey, :
Plain method:

w=2 Kk =-101

= u — up, with respect to h.
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Helmholtz problem
Numerical difficulty
» Assume that k. := - # —1. The problem for u is well-posed in the Hadamard sense

for almost all frequencies.
> An analytical solution w is given.
» We study the behavior of the error e, := u — uy, with respect to h.

Plain method:
‘ A‘ v =2, k. =—1.01
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» Instability of the method was established by B wm. Halla, R. Oberender (2025).




Helmholtz problem lovnde

za—

Existing approaches for the numerical approximation

» Many numerical methods have been proposed to solve:

Find u € H} () such that (¢ Vu, Vo)o.g — w(nu,v)oa = (9,v)00 Yo € H(Q).

e Discrete T-coercivity method

@ L. Chesnel and P. Ciarlet Jr (2013), A.-S. Bonnet-Ben Dhia, C. Carvalho, P. Ciarlet Jr (2018).
Optimal control reformulation method with a surface control (w = 0)

@ A. Abdulle, Huber, S. Lemaire (2017), A. Abdulle, S. Lemaire (2024).

Optimal control reformulation method with a volume control (w = 0)

@ P. Ciarlet, D. Lassounon, M. Rihani (2023).

A hybridized Nitsche method (w = 0)

@ E. Burman, J. Preuss, A. Ern (2025).

Explicit T-coercivity method

@ M. Halla, T. Hohage, F. Oberender (2024).
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» Many numerical methods have been proposed to solve:

Find u € H}(Q) such that (e Vu, Vo)o.o — w?(nu,v)oa = (9,v)00 Yo € H(Q).

Stable numerical method for 0L UTION \
Helmholtz problem with two

sign-changing coefficients. { OBJECTIVE




Helmholtz problem lvein
Existing approaches for the numerical approximation

» Many numerical methods have been proposed to solve:

Find u € H}(Q) such that (e Vu, Vo)o.o — w?(nu,v)oa = (9,v)00 Yo € H(Q).

Stable numerical method for 0LUTION N Solve the problem using
Helmholtz problem with two the Volume Optimal Control
sign-changing coefficients. (VOC) method.




Outline of the Talk

1. An optimal control reformulation
2. Discretization strategy
3. Numerical experiments

4, Conclusion and perspectives
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An optimal control reformulation



VOC for the Helmholtz problem

First decomposition of the problem

Find u € Hy(€2) such that:
—div(e Vu) —w’pu=g

in L*(),

(Pn).

L

» Assumption: The problem (P,) has a unique solution for the given source term.
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VOC for the Helmholtz problem

First decomposition of the problem

e

Find u € Ho () such that:
—div(e Vu) —w’pu=g

inL?(Q),

(Pu)-

» Assumption: The problem (P,) has a unique solution for the given source term.

» Splitthe unknown winto (u4,u_) with

u = ulg,, u; € Hl(Qi),

ui=00n8§2i\2, 1= *+.
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VOC for the Helmholtz problem e

First decomposition of the problem

Find u € Ho () such that:
—div(e Vu) —w’pu=g inL*(Q), (Py).

» Assumption: The problem (P,) has a unique solution for the given source term.
» Splitthe unknown winto (u4,u_) with

u; = ulq,, uieHl(Qi), u;=00n0 \ X, =+

» The coupling conditions at the interface are:

Up = U_ in H(l)(/)Q(Z),
ey Vug -v=c_Vu_-v in (H(l)(/)2(2))*.

Q=0,.uUXUun_



VOC for the Helmholtz problem

Toward an optimal control problem

> We apply the smooth extension method to (P, ):

Look for (E(uy),u_) instead of (uy,u_),

where E(u. ) is a continuous extension in {2_.
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Toward an optimal control problem

> We apply the smooth extension method to (P, ):

Look for (E(uy),u_) instead of (uy,u_),

where E(u. ) is a continuous extension in {2_.
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VOC for the Helmholtz problem

Toward an optimal control problem

> We apply the smooth extension method to (P, ):

Look for (E(u),u_) instead of (u4,u_),

where F(u, ) is a continuous extension in €2_.

Q_

N\
:“gj How to find a suitable extension of u?

N

p /: Defined using an optimal control reformulation of (P,).

-




VOC for the Helmholtz problem

Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:

0<c<é and fga<—c inQ_, forsomec> 0.

le
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VOC for the Helmholtz problem e

Toward an optimal control problem

P Leté and ji be some extensions of £, and ;. to Q such that:
0<c<é and fga<—c inQ_, forsomec> 0.

P With this choice: £ > 0in Q ; and one can define the inner product (-, -)¢, such that:

(u, v =/ éVu-Vv—wQ/ puv, Vu,veHé,an\E(Q,).
Q Q

10
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Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:
0<c<é and fg<—c inQ_, forsomec>0.

P With this choice: £ > 0in §2; and one can define the inner product (-, -),  such that:

(u, v :/ €Vu-Vv—w2/ puv, Vu,veHé,an\E(&L).
Q

Q

> One can check that V(v,v_) € Hy(€2) x Hg 50, \x(2 ), we have:

‘/EVE(u+)~Vv—w2/ﬂE(u+)v :/ g+ v+ (E(ut),v)a — (g4 Vuy - v,0)s
Q Q Q.

10
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Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:
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P With this choice: £ > 0in §2; and one can define the inner product (-, -),  such that:
(u, v :/ EVu-Vu —w2/ puv, Yu,v € Hé,agf\z(ﬁ,).
Q Q

> One can check that V(v,v_) € Hy(€2) x Hg 50, (), we have:

[ 2vE@) Vo-u? [ pB@ye= [ ook B - E Vas s,
Q Q QL

coercive + compact
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Toward an optimal control problem
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Q. Q_
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Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:
0<c<é and fga<—c inQ_, forsomec> 0.

P With this choice: £ > 0in §2; and one can define the inner product (-, -),  such that:
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+
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coercive + compact
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Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:
0<c<é and fga<—c inQ_, forsomec> 0.

P With this choice: £ > 0in §2; and one can define the inner product (-, -),  such that:
(u, ) = /2 EVu- Vv —w? /z puv, Yu,v € Héyagi\z(&zf).
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/QSVE ug) - Vo — /ﬂﬂE(ujL)v :/2 g+ v+ (E(uq),v)a — (64 Vug - v,v)s,
Q4
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Q_
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Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:
0<c<é and fg<—c inQ_, forsomec > 0.
P With this choice: £ > 0in Q ; and one can define the inner product (-, -)¢, such that:

<u,v>97=/ <§Vu~Vv—w2/ puv, Vu,veHé’397\2(§2,).
g

> One can check that V(v,v_) € Hy(€2) x Hg 50, \n(2-), we have:
/ EVE(u)- Voo [[@B@)v = [ giot (B o - Vs vy,
Q Q Qy I

e Vu_ - Vv_fwz/

Q_

phou_v- = / g—v— + {4 Vuy -v,v_)s.
Q_ —
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Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:

0<c<é and fg<—c inQ_, forsomec > 0.

P With this choice: £ > 0in Q ; and one can define the inner product (-, -)¢, such that:

(u,v)a =/ <§Vu~Vv—w2/ puv, Yu,v € Hé}@Qi\E(fZ,).
. )

> One can check that V(v,v_) € Hy(€2) x Hg 50, \(2-), we have:
/ EVE(us) Voo [ aBu)e = [ gt (B - oV v,
Q Qy —

e Vu_ - V'U,fw2/ Jou— v— :/ g—v— + {4 Vuy -v,v_)s.
Q Q -
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Toward an optimal control problem

P Leté and ji be some extensions of ¢ and y4 to Q such that:
0<c<é and fg<—c inQ_, forsomec > 0.

P With this choice: £ > 0in Q ; and one can define the inner product (-, -)¢, such that:

(u,v)a =/ <§Vu~Vv—w2/ puv, Yu,v € Hé’agf\g(Q,).
¢ Q_

> One can check that V(v,v_) € Hy(€2) x Hg 50, \(2-), we have:

/ EVE(ut)-Vu— wz/ pEuy)v = / g+ v+ (E(ut),v)o — {1 Vuy v, v)s,
Q Q o —

/ e Vu_ -Vou_ 7w2/ phou_v- = / g—v— + {4 Vuy -v,v_)s.
Q Q Q

> Foreach E(uy) € Hy(Q),32p(,) € Hp 5 \5(©2) such that:

(ZEw v )0 ={(E(us),v_)o_ —{ey Vus -v,v_)x.
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Toward an optimal control problem

P Let & and i be some extensions of ¢, and y.; to Q such that:
0<c<é and fg<—c inQ_, forsomec>0.

> With this choice: £ > 0in Q ; and one can define the inner product (-, ), such that:
(u,v)o :/ EVu-Vvu —w2/ puv, Yu,v € Hé,ang\g(Q ).
Q_ Q_
> One can check that V(v,v_) € Hy(€) x Hg 50, (2 ), we have:

&‘VE (u4) Vv—wQ//lE(u.,.)v :/ g+ v+ (2B, ), V)a_
Q QL

/ e Vu_ - Vv,—wQ/ o u— v :/ g—v— + (E(u+) — ZE(u,), V—)a_ -
Q_ Q
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Toward an optimal control problem

P Let & and i be some extensions of ¢, and y.; to Q such that:
0<c<é and fg<—c inQ_, forsomec>0.

> With this choice: £ > 0in Q ; and one can define the inner product (-, ), such that:
(u,v)o :/ EVu-Vvu —w2/ puv, Yu,v € Hé,ang\g(Q ).
Q_ Q_
> One can check that V(v,v_) € Hy(€) x Hg 50, (2 ), we have:

&‘VE (u4) Vv—wQ//lE(u.,.)v :/ g+ v+ (2B, ), V)a_
Q QL

/ e Vu_ - Vv,—wQ/ e U— v— :/ g—v— + (E(u+) — ZE(u,), V—)a_ -
Q_ Q_

» Assuming uniqueness for both variational formulations from now on.
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VOC for the Helmholtz problem

Toward an optimal control problem

> Givenz_ € Hj 5 \(2), we define (u*~,u

ézxub,-

=) € Ho(9) x H g\ () such that:

/5Vuz* -Vv—wgfﬂuzfv :/ g+v+(z—,v)a_,
Q Q o

(Pr)
/ e- VU Voo — wz/ wouT vl = / g-v_+ (U —z2_ v )o .
q q Q

13
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Toward an optimal control problem

> Givenz_ € Haan\E( ), we define (u*,u’") € Hy(Q) x Hj o0 \s({2-) such that:

/5Vuz*-Vv—w2/~ u~ v / g+v+(z—,v)a_,

Q Q

/ 67VUZ,_'V’07—L/J2\/ - / g-v_+ (U —z_,v_)a
Q_ Q_

> Vz_ € Hj o \5(2), we define (u*~,u”") € Hy(Q) x Hy 5, \5(2-) such that:

(Pr)

—div(e4 Vu' o, ) — w? iy u*" o, =4glo,  InQy,
—div(e_Vu™) —w? u_v*" =gla_ in(_,
e+ Vu|q, -v=c_ Vu' v onX.

13
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Toward an optimal control problem

> Givenz_ € H(l),ao_,\z( ), we define (u*,u’") € Hy(Q) x Hj o0 \s({2-) such that:

/5Vuz*-Vv—w2/~ u~ v / g+v+(z—,v)a_,

Q Q

/ 67VUZ,_'V’07—DJ2\/ - / g-v_+ (U —z_,v_)a
Q_ Q_

> Vz_ € Hj o \5(2), we define (u*~,u”") € Hy(Q) x Hy 5, \5(2-) such that:

(Pr)

—div(e4 Vu™ g, ) — w? iy u*" o, =4glo,  InQy,
—div(e_Vu™) —w? u_v*" =gla_ in(_,
e+ Vu|q, -v=c_ Vu' v onX.

& u* g, =uZ onX ismissing!
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VOC for the Helmholtz problem

Optimal control reformulation

@ How to choose z_ such that u*~ |, = u’”onX?

14
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Optimal control reformulation

N\
’“ggf How to choose z_ such that u*~ |, = u"onX?

» We consider the optimal control problem:

. 1 z_
min dz=) = §Hu’L —u ||i2(2), (Poc)

1
z— €Hg 5 \5(-)

14
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Optimal control reformulation

A
:gff How to choose z_ such that u®~|o, = u’" on X?

» We consider the optimal control problem:

1
min dz=) = §Hu’L

zZ_ 2
. —u_ ||L2(2)a (Poc)
z— €Hg 5 \5(-)

» The problem (P,.) has an infinite number of solutions.

14



VOC for the Helmholtz problem e

Optimal control reformulation

A
:g/ How to choose z_ such that u®~|o, = u’" on X?

» We consider the optimal control problem:

. 1 z
_min dz=) = §Hu’L —u ||iz(2), (Poc)
z— €Hg 5 \5(-)

» Foruniqueness, one considers the regularized optimal control problem (A > 0):

min JMzo) = 1

ot = g oy + Al B, ()
é’mi\z(n_) 2 (

z_€H

14



Discretization strategy



VOC for the Helmholtz problem

Discretization by conforming Lagrange finite elements

L Vi(Q) == {vn € HY(Q), | vnp € PH(T),VT € T}
2. Vh(Qi)i:i = {'Ui,h S H(l),agi\z(gi) |Ui,h|T € Pk(T)7VT € 7;;}

15
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Discretization by conforming Lagrange finite elements

L Vi(Q) == {vn € HY(Q), | vnp € PH(T),VT € T}
2. Vh(Qi)i:i = {Ui,h € H(l),aﬁi\Z(Qi) |Uz‘,h|T € Pk(T),VT € 771%}

» One considers the discrete regularized optimal control problem (A, > 0):

. 1 z_ zZ_ 2 A
Jh(y )= L 2 h)2 Ao lla P
. 21\1/2(97) (2-,n) 2||uh u_ 5 L2 ey + Anllz—nllo_ s (Pod)
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Discretization by conforming Lagrange finite elements

L Vi(Q) == {vn € HY(Q), | vnp € PH(T),VT € T}
2. Vh(Qi)i:i = {U@h € H(l),aﬁi\Z(Qi) |Uz‘7h|T € Pk(T),VT € 771%}

» One considers the discrete regularized optimal control problem (A, > 0):

. 1 z_ zZ_ 2 A
Jh(y )= L 2 h)2 Ao lla P
. 21\1/2(97) (2-,n) 2||“h u_ 5 L2 ey + Anllz—nllo_ s (Pod)

> We denote by zu_,h the unique solution of (PX#).
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Convergence result

> First shift value: Assume thatu|g, € H*7(9;), i = +, for some 7 > 0.

Theorem
Taking the regularization parameters as

A= Chi, C >0, q € (0,274 0),

where o € (0, 1] denotes the second shift value, ensures that:

# #
(w, "l u_jl") converges to (u.,u_) ash — 0.
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Convergence result

> First shift value: Assume thatu|g, € H*7(9;), i = +, for some 7 > 0.

Theorem
Taking the regularization parameters as

A= Chi, C >0, q € (0,274 0),
where o € (0, 1] denotes the second shift value, ensures that:

# #
(w, "l u_jl") converges to (u.,u_) ash — 0.

» For the circular interface case presented earlier: 7 = o = 1.
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Numerical results: Circular interface

> Wesetw =2,e4 =1, up =2,u_ = —1landwelete_ < Qvary.
We choose é|g_ = 10, fi|o_ = —10.

» We study the behavior of the error e, := u — uy, with respect to h.
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& .
Numerical results: Circular interface

> Wesetw =2,e4 =1, up =2,u_ = —1landwelete_ < Qvary.
We choose é|g_ = 10, fi|o_ = —10.

» We study the behavior of the error e, := u — uy, with respect to h.

» Assumethat k. = 5; # —1. (P,) is well-posed in the Hadamard sense for almost all
+
frequencies.
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Numerical results: Circular interface

> Wesetw =2,e4 =1, up =2,u_ = —1landwelete_ < Qvary.
We choose é|g_ = 10, fi|o_ = —10.

» We study the behavior of the error e, := u — uy, with respect to h.
» Assumethat k. = ii # —1. (P,) is well-posed in the Hadamard sense for almost all
+
frequencies.
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Numerical results: Interface with corner

> Wesetw =2,e4 =1, u4 =2,u— = —land welete_ < Qvary.
We choose é|g_ = 10, fi|o_ = —10.

» We study the behavior of the error e, := u — uyp, with respect to h.
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Numerical results: Interface with corner
> Wesetw =2,e4 =1, u4 =2,u— = —land welete_ < Qvary.

We choose é|g_ = 10, fi|o_ = —10.
» We study the behavior of the error e, := u — uyp, with respect to h.

_ 1
» Assume that k. = i— ¢ [-3; _§]' (P,) is well-posed in the Hadamard sense for
+

almost all frequencies.
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Numerical results: Interface with corner
> Wesetw =2,e4 =1, u4 =2,u— = —land welete_ < Qvary.
We choose é|g_ = 10, fi|o_ = —10.

» We study the behavior of the error e, := u — uyp, with respect to h.

_ 1
» Assume that k. = i— ¢ [-3; _§]' (P,) is well-posed in the Hadamard sense for
+

almost all frequencies.
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Conclusion:

> Efficient method: no conditions on solution regularity or mesh.
» General framework applicable to: Helmholtz problem and Maxwell problem.

» Works with elliptic tensor coefficients ¢ and .

B F Chaaban, Unconditionally stable numerical methods for solving transmission problems with
sign-changing coefficients. PhD thesis, Institut Polytechnique de Paris (2025).
Perspectives:

» Optimize A in order to accelerate the method’s convergence.

» Estimate the convergence rate of the method.
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