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B Context: Stacks of thin layers are used to improve electromagnetic stealth of objects they
cover. Small surface defects may affect this stealth, hence their impact must be studied.

Context and motivation

Material layers

B Challenge: High computational costs due to the strongly multi-scale problem

B Proposed solution: Derivation of effective conditions replacing the complete stack which take
roughness into account

Thin layers: Bendali and Lemrabet (1996), Duruflé, Haddar, and Joly (2006)
Periodic setting: Abboud and Ammari (1996), Ammari and He (1998), Madureira and Valentin (2007), Delourme and Claeys (2012), Chamaillard (2016)

Random setting: Gérard-Varet (2008), Boucart (2023)
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A\
Model problem \

_ Ui
§ < curv! (To) ~ A X ne B The total field us satisfies the 2D Helmholtz equation

1 .
—div (uVu(;) — r@gsgu[; =0 in R? \ Do
5

g5y ks 7 1 T

us =0 OnF0:8D0

| U5 — Uine is outgoing
€5y Mg =

Local parametrization

-

ps (s, v) ::U’(%v%)
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Model problem \

_ Ui
§ < curv (To) ~ A x ne ® The total field u; satisfies the 2D Helmholtz equation

' . 1 .
! N —div (Vw) — r@gsgu[; =0 in R? \ Do
\ \\ s
g5y ks 7 1 \/\\\( h us =0 onTy=0Dg
J\ ’ Ovus + Aus = auuinc + Auinc on Fn

“ g5, s =1

B e
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Model problem

_ U
§ < curv (To) ~ A x ne ® The total field us satisfies the 2D Helmholtz equation

! N . 1 .
,: . —div (MVU(;) — f-ggsgu[; =0 in R? \ Do
\ \
€5, s # 1 \/\\\( h us =0 onTy= 09Dy
] L7
| \esps = 1 Ovus + Aus = Ouline + Atline on Fn
\ o Ko —

. Random Case \

(X,w) — (e, n)w(X, ) is stationary ergodic

Ewa/’l‘w

B e
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Model problem

B The total field us satisfies the 2D Helmholtz equation
—div (;Vu(s> - mz)agug =0 in R? \ Do
9

us =0 onlg=0Dy
Ovus + Aus = Opine + Atine on Fn

- Random Case N

(X,w) = (e, n)w(X,-) is stationary ergodic

° — E(e,p)

B e
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Model problem

AN

B The total field us satisfies the 2D Helmholtz equation
—div (:Vu(;) — K(Q)sgu(; =0 in R? \ Do
9

us =0 onIly = 8D0
Ovus + Aus = auuinc + Auinc on F’?

~

. Randomly perturbated
periodic

Generic random
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Multi-scale expansions
B Near-field ansatz, 0 < v < 0H

uwts S, V Z(Snunw (5727%)
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Multi-scale expansions
B Near-field ansatz, 0 < v < 0H

U s(s,v) = d"ull, (5; 27 %)

n=0

B Far-field ansatz, 6 H < v <7

Uy, 5(8, V) Z(Sn{unw( P50 l(;)—i—unw(s Z/):|
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Multi-scale expansions
B Near-field ansatz, 0 < v < §H

waslsv) = 36l (s:5.%)

n=0

B Far-field ansatz, 6 H < v <7

Uw,s(s,v) = 25” |:uysz (8; % %) + ui, o (s, V)}

n=0
1 P Y)=0 an
[ Yir}rlwun,w(,y ) d (X,w)
------------------ T
€,
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Far-field problems

B The far field terms satisfy the Helmholtz equation

FF

— Auy, — Kgun, =0 in DO
(FFn) . .
Up, o — On,0Uinc is outgoing
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Far-field problems \i‘\

B The far field terms satisfy the Helmholtz equation

uff,w — On,0Uinc is outgoing

(FFn) { — AU, — k2T, =0 in DOH A condition on T's is missing
n

Condition on 'y <

This condition will be obtained by ensuring the existence of near-field
terms satisfying our assumptions
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Near-field problems \\

B The near fields satisfy the problems parametrized by s:

1 .
- VXxY(?vX,Yu:‘:w(S; K] )) =F |:(u2‘i;($; ‘o .))i<n—1:| inB:=R x R+

(NFn) [Uﬁf,w] Ty (s) = 7u2ﬁw|F6H(S) [8Yuﬁfw] Ty (s) = 78Vu;F71,w|F5H (s)
u:fw(s; ) =0 onx

(w, X) = un, (5; X, ) is stationary
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Near-field problems - Random case
® The general corrector problem is: (Boucart (2023))

_dv(LvU)=F B

w

NN \\\ \\\

(NF) !¢ [Uelr, = ol [0y Uslr,, = al \/B\/\
Uw =0 onX

(w,X)— U, (X,) is stationary

The Dirichlet condition allows the use of a Hardy inequality in

Vo = {a.s. vy € Hig (B) ,vulz =0, (w, X) — v, (X, -) is stationary

and E /+°°|W|2+ | }
0 1+Y?2 o

IR

in the form
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Near-field problems - Random case N

B The general corrector problem is: (Boucart (2023))

Cdv(EvU) =R, inB

Ho
(NF){ Ul = ol Oy Uy, = al W
Uw = 0 on Z

(w,X)— U, (X,-) is stationary -

Provided that vI+ Y?F, € L* (Q, L* (B)), there exists a unique solution in Vo + af xy>x.
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Near-field problems - Random case

® The general corrector problem is: (Boucart (2023))

_dv(LvU)=F B

e

(NF){ Uolr, = ol Oy Usly,, =al \/B\ﬁ
U,=0 on X

(w,X) — U, (X,) is stationary .

Provided that /1 + Y2F,, € L* (Q, L* (B)), there exists a unique solution in Vo + aZ xv>n.

When F, = 0, Ylim U., = 0 iff a relation between o2 and o is satisfied.
—00
In this case, we can simply show that:

E[|U.]*+Y?|VU.[*] — 0
Y >0
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Formal recursive construction

B Problem satisfied by ug©,:

NF FF
U — Uq . 1 NF ;
— le}gy(*VX,Yuo’w) =0 in B
w
NF FF NF
[UO,M]FH = —’LLO,W|FJH [83/’!1,0,“)} Iy =0
v uy, =0 onX
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Formal recursive construction

B Problem satisfied by ug©,:

. 1 .
U/gF —_— ’U,SF — dIVX’Y(MTvX,y'LLgL) =0 in B
[USL]FH =0 [8yugfw]rH =0

4 uy, =0 on¥
ullt Aavw W ——uff -

1 1 1 Solution of (NFO0)

uS',:w + quwlréHXY>H =0
4 Y 00 = up, =0 onTsu
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Formal recursive construction

B Problem satisfied by ug©,:

. 1 .
U/SF E— U;SF — dIVX’Y(va,yugid) =0 in B
w
NF _ NF _
I:UO,W]FH =0 [8yu0»“]rH =0
4 uy, =0 on¥

ulF A W ——ufF Solution of (NFO0)

NF FF
U0, w + uO,wlraHXY>H =0

4 Y 00 = up, =0 on Tsu

= uy, = 0and uf,, satisfies:

- Augfw - mgugfw =0 in DM
Deterministic <— ufiw =0 onlsg
U, — Uing is outgoing
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Formal recursive construction

B Problem satisfied by u}%,:

. 1 .
U/SF e ’LLSF — dIVX,y(7VX7yu’i‘rw) =0 in B
w
NF FF NF FF
[ul,w]rH = _ul,w|F5H [ayul,w]rH - _8l/u0,w TsH
4 ulf, =0 ony

ul® v W ——uff
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Formal recursive construction
® We can write (u\f, + uiy|r;, xy>m) = 0oufo|rs, Wi,. Where
W1 ., is solution of:
— diVny(iVXﬁyWLw) =0 in B

e

uft ——

(Wi] ry =0 [0y W1,u] rg =—1
h Wiw=0 ony
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Formal recursive construction |
® We can write (u\f, + uiy|r;, xy>m) = 0oufo|rs, Wi,. Where
W1 ., is solution of:
— diVny(iVXﬁyWLw) =0 in B

e

uft ——

(Wi] ry =0 [0y W1,u] rg =—1
h Wiw=0 ony

uYF v W ——uft
- Boundary Condition

quw (7Yv)yj> 0= ul w|1"5H - a UO w|1"5H hm Wlw (7Y)

C1 = lim W1 W (,Y) =FE [WLW (', Hoo)]

Y —o0
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Formal recursive construction

m " satisfies:

FF 2 FF _ . SH
ugF —> ugF - Aul — KUy = 0 in D
Deterministic <— U,TF = 8,,7J,EF onT'sy
uff is outgoing
~

m o\, is written as u\?, = (Wiw — cixy>u) 8uuf vy,

u)® A Wy ——uff
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Formal recursive construction

B Problem satisfied by ub©,:

. 1 .
U/SF —> ’LLSF — dIVX,y(?nyyugrw) = .7:3 (quw) in B
w
[USTW]FH = _u;TWh—‘JH [ayugrwjer = _8vuifw TsH
4 uy, =0 ony

u)® v W ——uff
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TN
Formal recursive construction

B Problem satisfied by ub’,,:

. 1 .
U/SF —> ’LLSF — dIVX,y(?Vnyugrw) = ]:S (quw) in B
w
[USTW]FH = _u;TWh—‘JH [GYUS::W]FH - _8vuifw TsH
uy, =0 ony

Du to the lack of higher decrease of the solution, we generally
¥ cannot define u%", and uf,,.
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Effective models and error estimates

B |n practice, we introduce truncated asymptotic expansions, which we approximate by functions
satisfying effective impedance conditions at different orders

N
FF k, FF
Us N = 0" uy,
k=0
Order 1 u;F() =0onlsy — uso = u(F)F
1 ) ‘ 1
Order 2 9dyuff, + ?ugﬂ =0@)onTsy — Opusy + Sous1 = 0oonTsy
°1 7 °1

@ @m Asymptotic modeling of a random rough thin layer for electromagnetic wave scattering - Pierre Boulogne 02 juin 2026 9



Effective models and error estimates

B |n practice, we introduce truncated asymptotic expansions, which we approximate by functions
satisfying effective impedance conditions at different orders

N
FF k. FF
Us N = 0" uy,
k=0
Order 1 ug',:o =00nTsyg — us0 = uf

1 R 1
Order2 dyuf, + legﬂ =0@)onTsy — Opusy + Sous1 = 0oonTsy
' de1 & 1
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Effective models and error estimates

B |n practice, we introduce truncated asymptotic expansions, which we approximate by functions
satisfying effective impedance conditions at different orders

N
FF Z k_ FF
Us N = 0" uy,
k=0
Order 1 uf, =00nTsy — us0 = uf
1 1
Order2 9, uf; + gugF1 =0@)onTsyg — Odyus + Sous1 = oOonTsy
’ 1 > °1
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Effective models and error estimates

B |n practice, we introduce truncated asymptotic expansions, which we approximate by functions
satisfying effective impedance conditions at different orders

N

FF } : k Fe
ug,N = 6"u
k=0
Order 1 ugFO =00nTsyg — us0 = uf

1 1
Order 2 61,u5 1+ TugFl =0()onTsy — Oyusy + 5o —us,1 =00nTsy
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Effective models and error estimates

Error Estimates

VB [los = ol ] =0

\/IE [Huw,g = uf{lH;l(KJ =0 (5%, /|10g(5)|>

For H big enough and every compact set K in R? \ D, such that dist (K, Do)

Under certain hypotheses on the randomness (Boucart, Fliss, and Giovangigli (2026))3

>0,
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Computation of ¢;: random case
® 11, is not computable in practice but using ergodicity we have

R
1= B Wi (. Ho)) = Jim Wi (1)

® Truncation of the computgtional domain of width 4R in the X direction by periodic conditions
- Wi, g Letcf = {5 W 5 (L He)

B We can estimate the error made by considering Wl#w r instead of Wi ., (relying on the work of A. Gloria)

2 R 2 R 2
E[]cl—cﬁR] } < E c1—][ Wiw (- Hoo) +,|E ][ Wi (- Heo) — ¢ 5
—R —R
gﬁunder quantitative assumptions on the ergodicity < log\;%)? under regularity hypothesis on e,
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Error plots
ko =10, u 1 =1/3, e =1.4,5 =0.026

[us — usp| U5 — Us,1

— Implementation with Xlife++
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Error plots
ko =10, p 1 =1/3,e =1.4,6 =0.026

)

[us — us ol Uy 5 — Us,1

— Implementation with Xlife++
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Convergence plot

® Monte-Carlo method for
calculating the
expectation

B Reference solutions
must be computed for a
large number of
realizations
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Conesphere

—0s] -
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=
S
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Figure: L2(2, L2 (9B R))-norm of the error between us and us ;

for R > 1 (Ngjmaw = 130)

Figure: |ugl, ko = 4, p~ ' = 1/3, = 1.4, 5 = 0.026 Convergence rates have deteriorated due
to the singular point (vial (2003), Baudet (2024))
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Higher orders of approximation

1k 4
e
,///‘.///_/7</>
. i T o----1-"""17"* 0.99
Simulations seem to show no gl' r 7
higher order is defined, even )
with "kind" stochastic laws = g e
g 1.96
| _M,t‘”
=25 e —
= == R
=, = ,_/—-"/)‘)‘ @ Order 1
= o @ Order 2
=3r § ;,;;/"’)6 144 m Order3 N
[ 1.56 ‘ & Order diff
| | | | | | | | |
-2 —1.95 —1.9 —1.85 —1.8 —1.75 —1.7 —1.65 —1.6
5
N N 2N
1 2 1 2 1 2
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Transition to 3D

B Difficulty in defining stationarity on
a 3D object (chamaillard (2016)) B |ntroduction of deformations and patches

B Correctors’ dependence on tangential variables
— Calculation of correctors at each point on the
surface

® High numerical cost

For a given realization, cell problems correspond to
parametric PDEs. We use basis reduction tech-
niques to reduce computation time (s. Hesthaven, Rozza,
and Stamm (2016))
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Figure: u;i, ko =1,6=1.4,6 = 0.033
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Conclusion and Perspectives

Problems under study

2D Helmholtz problem for any smooth geometry

3D Helmholtz problem for any smooth geometry

3D Maxwell problem for any smooth geometry

Basis reduction for cell problems in high dimensions (oseledets (2011))

X X X <
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Thanks for your attention!
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