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Context and setting

Shape optimization problems arise in many engeneering applications where the objective is to design optimal 2 J

structures. In this context, the level-set approach have become a widely used tool to describe evolving complex N N
geometries during the optimization process (see |1]). ' O C

In this work, we couple the level-set framework with o-FEM, an unfitted Finite Element Method based on an " Q 0 Q My
implicite description of the geometry of the domain by a level-set (see [3]). Such FEM scheme avoids remeshing

as the domain evolves, making it particularly well suited for shape optimization problems. ' O

We focus on the minimization of the compliance functional for a elastic cantilever (see Figure 1). We use a 7N 2\ &

shape optimization algorithm based on the level-set method and the gradient descent, working with FormOpt
(see [4]). Our long-term objective is to develop efficient numerical tools for studies in three-dimensions and

design of patient-specific angioplastic balloons. Fig. 1: The cantilever 2 C D C R2.
I:=8Q\ (Tp UTx).

|. Shape optimization problem [11. Resolution of the elastic problem

The displacement u satisfies:

To solve (1)-(4), we use o-FEM (Neumann case |3]).

Assume o is a signed distance function: n = % on I

in €2,

e

Formally, we introduce auxiliary variables:
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e Relaxation: yV¢ +pp = 0 on §; (so that yn =0 on I').
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Let ]-"};1 be the facets between orange and red cells.

with: Fig. 2: Qp,: red + orange | Q: orange  Goal: find (wh, Yn, pn) such that for all (v, zn, qn),
® gc L’ (' )2 a given traction force on I'y; Initialization mesh.

/Qh o(up) : e(vy)ds + /fmh(yhn) v ds

e n the exterior unit normal to 0f);

o o(u):=2ue(u)+ Adiv(u)l, where X, 4 are the +vu | (n+o(un)) i (2 + o (vn))de + % i (yh Ve + %m%) . (Zh Vep + %Qh@h> da

Lamé parameters, (u) = %(Vu + Vu') and h “h

I the identity matrix of Ms(R). —|-’de'v/ div(yp ) div(zy )dx + oh Z / lo(up)npllo(vy)nplds = / g - v ds.

oo : Qb r JF TN
Variational formulation: " FeFy 1
Find ug € H(Q2) ::{uEHl(Q)2|u|pD:O}: . o o o
Classic terms | Penalization | Stabilization | Stabilization (Ghost penalty)
Vv € H(()), / o(ug) : e(v)dr = / g - vds.
0 TN
Shape optimization problem: V. Resolution of the perturbation problem
82%‘](9)7 When uy, is obtained, we compute dJq. This part is based on gradient descent.

. e 1,00 2 _
where J(2) = / o(uq) : e(ug)dr and O the Goal: find 0 € © := {9 e W>>(D)*, Orpury = 0} such that
. Y \Vlf S @7 8(975) — _dJQO (f)?
shape admissible set.

. . . . 1
The shape derivative of .J is (see [4]): where B is a continuous coercive bilinear form. We take B(6,¢&) = /Q (Vé’ . VE + 1—06’ : §> dz.
dJo(0) = / 2Vulo(ug) — o(ug) : e(ug)l] : VO.| | Thus, taking & =6, dJg,(0) = —B(0,60) < 0 (coercivity of B).

To solve this perturbation problem, we use classical FEM (unfitted).

Q
Remark. We penalize the volume by adding
the term A|€)|, where A acts as a material cost

and [€| is the volume of €. V. Results and future work
We take D = [0,2] x [0,1], A = 0.5769, u ~ 0.3846, g = (0, —2), A = 1.
|1, Shape optimization a|g0rithm We compute the optimal shape (2., In Figure 3.

Using o-FEM for the elastic problem, the optimal value of the functional is J({2pt) ~ 3.0486. Using
FEM for both problems (ersatz material for D \ Q, see [4]), we obtain J(Qpt) & 3.1744.

Future work:

Via the gradient descent and the level-set
method: assume 2 = {¢ < 0}, 902 = {p = 0}.

1. Elastic problem approximation: e Implementation of p-FEM for the perturbation prob-

o-FEM scheme given in Section III. lem (interface problem).

e Validation on other problems (e.g. L-shape, ...).
. Perturbation computation: find 6 s.t.

\Vlf, 8(675) — _dJQO (f)a

where B i1s a continuous coercive bilinear : - e i il | S
form. Thus, d.Jo, (8) = —B(6,6) < 0. oons by optimizing their thickness. Fig. 3: Result of the shape optimization.

e Generalizing in three dimensions.

e Final goal: design of patient-specific angioplastic bal-

See Section IV. —
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