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Motivation

@ A control system is a dynamical system on which we can act by using suitable
controls (closed-loop) which (asymptotically) stabilises state we want to reach

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 3/48



Motivation

@ A control system is a dynamical system on which we can act by using suitable
controls (closed-loop) which (asymptotically) stabilises state we want to reach
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= suited for systems where communication is prevalent
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@ Building an observer
= real-time simulation of system driven by same input
= correction derived from difference between actual output and predicted output
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Motivation

@ A control system is a dynamical system on which we can act by using suitable
controls (closed-loop) which (asymptotically) stabilises state we want to reach

Event-triggered control (ETC)
= suited for systems where communication is prevalent
= meant to reduce communication and computation while preserving stability

Building an observer
= real-time simulation of system driven by same input
= correction derived from difference between actual output and predicted output

Our goal is to investigate stabilisation of abstract infinite-dimensional (PDE)
control system using Luenberger observer and event-triggered updates of control
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In a nutshell

o Linear systems governed by ODE, matrices A, B, state x(+), control input u(-)

x(t) = Ax(t) + Bu(t), t>0, (1)

Tabuada 2007; Heemels, Johansson, and Tabuada 2012; Donkers and Heemels 2012.
2Heeme|s, Donkers, and Teel 2013; Yi, Johansson, and Dimarogonas 2017; Postoyan, Tabuada, Nesi¢, and

Anta 2015.
3Lasiecka and Triggiani 2000; Staffans 2005; Weiss 1989.
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In a nutshell

o Linear systems governed by ODE, matrices A, B, state x(+), control input u(-)
x(t) = Ax(t) + Bu(t), t>0, (1)

@ In ETC?, control input is updated only at discrete instants (tk)ken

x(t) = Ax(t) + Bu(tx), t € [tx, tip1), k €N, @)

Ix(te) = x()I* < ollx()I*, ¢ € [t tirr), 0 € (0,1),

N
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@ In ETC?, control input is updated only at discrete instants (tk)ken

x(t) = Ax(t) + Bu(tx), t € [tx, tip1), k €N, @)
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@ Under suitable assumptions, such rule ensures® exponential stability and guarantee
strictly positive inter-event times
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In a nutshell

o Linear systems governed by ODE, matrices A, B, state x(+), control input u(-)
x(t) = Ax(t) + Bu(t), t>0, (1)
@ In ETC?, control input is updated only at discrete instants (tk)ken

x(t) = Ax(t) + Bu(tx), t € [tx, tip1), k €N, @)
Ix(te) = x(0)II* < ollx(®)I*, ¢ € [t tin), o € (0,1),

@ Under suitable assumptions, such rule ensures® exponential stability and guarantee
strictly positive inter-event times

o Transition to PDE is far from trivial®* due to unbounded operators, semigroup
dynamics, coexistence of stable and unstable spectral modes, etc

Tabuada 2007; Heemels, Johansson, and Tabuada 2012; Donkers and Heemels 2012.

2Heeme|s, Donkers, and Teel 2013; Yi, Johansson, and Dimarogonas 2017; Postoyan, Tabuada, Nesi¢, and
Anta 2015.
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Continuous closed loop system

@ Abstract infinite-dimensional control system of (closed-loop) form

z(t) = Az(t) + Bu(t), t>0,
u(t) = Kz(t), t>0,

z(0) = z,

where zy € H is initial condition of system

#Curtain and Weiss 2006.
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Continuous closed loop system

@ Abstract infinite-dimensional control system of (closed-loop) form

z(t) = Az(t) + Bu(t), t>0,
u(t) = Kz(t), t >0, (3)
z(0) = z,

where zy € H is initial condition of system

o Well-known* that if (% and U Hilbert spaces)

Q@ A:D(A) C H — H is infinitesimal generator of a Cy-semigroup exp(tA)

@ Be L(U,H)and K € L(H,U) are bounded linear operators

© A+ BK is infinitesimal generator of an exponentially stable Cy-semigroup on H
@ A is skew-adjoint (i.e. A* = —A)

then for zy € D(A) closed-loop system (3) is exponentially stable, i.e.

3G >0, 3A>0, [z(t)l5 < Goe™™, Vi>0, 4)

#Curtain and Weiss 2006.
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Continuous closed loop system ( -based control)

@ Abstract infinite-dimensional control system of (closed-loop) form

z(t) = Az(t) + Bu(t), t>0,
u(t) = Ky(t), t >0,

z(0) = z,

where zp € H is initial condition of system
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Continuous closed loop system ( -based control)

@ Abstract infinite-dimensional control system of (closed-loop) form

z(t) = Az(t) + Bu(t), t>0,

u(t) =K , t>0,
(5)
t>0,
2(0) = 2,
where zp € H is initial condition of system
@ Assuming that (#, U and ) Hilbert spaces)
Q@ A:D(A) C H — H is infinitesimal generator of a Cp-semigroup exp(tA)
@ B e L(U,H) and K € L(),U) are bounded linear operators
o
@ A+ BKC is infinitesimal generator of an exponentially stable Cy-semigroup on H
@ A is skew-adjoint
then for zy € D(A) closed-loop system (5) is exponentially stable, i.e.
3G >0, IN>0, |z(t)|3 < Ge ™, Vt>0, (6)
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ETC design

@ Control strategy where updates happen only when a certain event occurs
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ETC design

@ Control strategy where updates happen only when a certain event occurs

@ Event is usually defined by a threshold, on system state or error
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ETC design

@ Control strategy where updates happen only when a certain event occurs
@ Event is usually defined by a threshold, on system state or error

o Reduces unnecessary communication and computation compared with periodic
control (periodic control acts on a schedule while ETC acts only when needed)
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ETC system

@ LB, SE® established exponential stability of control system (3) when control is based

on an operator and subjected to aperiodic sample-and-hold mechanism
z(t) = Az(t) + Bu(t) t € [tk tkt1), k€N,
u(t)=K , t>0,

7
7 t 2 07 ( )
z(0) = z,
where zy € H, subjected to triggering mechanism

tewn = sup { £ > i, <AlzBl} v>0, ()

®Baudouin and Ervedoza 2025.
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ETC system
@ LB, SE® established exponential stability of control system (3) when control is based
on an operator and subjected to aperiodic sample-and-hold mechanism

z(t) = Az(t) + Bu(t) t € [tk tkt1), k€N,
u(t)=K , t>0,

7
? t 2 07 ( )
z(0) = z,
where zy € H, subjected to triggering mechanism
tep1 = sup{t> e, §’y\|z(t)|\7.¢}, v>0,  (8)
@ Assuming that (%, U and ) Hilbert spaces)
Q@ A:D(A) C H — H is infinitesimal generator of a Cp-semigroup exp(tA)
@ Be L(U,H) and K € L(),U) are bounded linear operators
o
© A+ BKC is infinitesimal generator of an exponentially stable Cy-semigroup on H
@ A is skew-adjoint
then for zg € D(A) ETC system (7)-(8) is exponentially stable i.e.
3G >0, IN>0, [z2(t)|5 < Ge ™, Vt>o0, (9)

®Baudouin and Ervedoza 2025.
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Observer design

o State-feedback control requires value (at each time) that approximates® system
state

SGirard 2015b; Etienne, Di Gennaro, and Barbot 2015; Zhang and Feng 2014.
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Observer design

o State-feedback control requires value (at each time) that approximates® system
state

° sensors are physical that directly measure state variables
= sometimes expensive, difficult to implement, or unable to measure all state
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Observer design

o State-feedback control requires value (at each time) that approximates® system
state

° sensors are physical that directly measure state variables
= sometimes expensive, difficult to implement, or unable to measure all state

o Software sensors algorithms based on a model and available physical measurements
= provide online estimates of unmeasured state and implementable in practice

SGirard 2015b; Etienne, Di Gennaro, and Barbot 2015; Zhang and Feng 2014.
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Observer design continuous system

@ Observer design control system

z(t) = Az(t) + Bu(t), t >0,

u(t) = K2(t), t >0,

3(t) = A2(t) + Bu(t) + L(C2(t) — y(1)),  t>0, (10)
t>0,

Z(O) = 2o, 2(0) :20,

where (20, 20) € H x H is initial condition of system
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Observer design continuous system

@ Observer design control system

z(t) = Az(t) + Bu(t), t >0,

u(t) = K2(t), t >0,

3(t) = A2(t) + Bu(t) + L(C2(t) — y(1)),  t>0, (10)
t>0,

Z(O) = 2o, 2(0) :20,

where (20, 20) € H x H is initial condition of system
@ Assuming that (%, U and ) Hilbert spaces)

Q@ A:D(A) C H — H is infinitesimal generator of a Cp-semigroup exp(tA)

@ B e L(U,H) and K € L(H,U) are bounded linear operators

© A+ BK is infinitesimal generator of an exponentially stable Cy-semigroup on H
Q and L € L(Y,#) are bounded linear operators

©@ A+ LC is infinitesimal generator of an exponentially stable Cp-semigroup on H
@ A is skew-adjoint

then for (2o, 20) € D(A) x D(A) control system (10) is exponentially stable, i.e.

3G >0, 3IA>0, |z(t)|5 +2(t)]5, < Ce™, Vt>0, (11)
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ETC and observer design system

o ETC observer design control system

z(t) = Az(t) + Bu(tk), t € [tk, tey1), k EN,

u(t) = K2(t), t>0,

3(t) = A2(t) + Bu(tx) + L(C2(t) — y(1)), t>0, (12)
) t>0,

z(0) = z, 2(0) = 2,
where (20, 20) € H X H is initial condition of system subjected to

tiy1 = sup {t >t [[2(8) = 2(8)|[w < “/Hf(t)\ln}, v >0, (13)

N.B, L.B, S.E, AH, T.L, P.L (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 11/48



ETC and observer design system

o ETC observer design control system

z(t) = Az(t) + Bu(tk), t € [tk, tey1), k EN,

u(t) = K2(t), t>0,

3(t) = A2(t) + Bu(tx) + L(C2(t) — y(1)), t>0, (12)
) t>0,

z(0) = z, 2(0) = 2,
where (20, 20) € H X H is initial condition of system subjected to

tei=sup {t >t 12(0) = (8l <2}, >0, (13)

o Assuming that (%, U and ) Hilbert spaces)
Q@ A:D(A) C H — H is infinitesimal generator of a Cp-semigroup exp(tA)
@ B e L(U,H) and K € L(H,U) are bounded linear operators
© A+ BK is infinitesimal generator of an exponentially stable Cyo-semigroup on H
Q and L € L(Y,H) are bounded linear operators
© A+ LC is infinitesimal generator of an exponentially stable Cp-semigroup on H
@ A is skew-adjoint
then for (20, 2)) € D(A) x D(A) IS control system (12) exponentially stable ?, i.e.

273G >0, IN>0), |zl +2(t)]5 < Ge ™, ve>0, (14)
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Dynamic triggering rule

@ To design triggering mechanism that determines (tx)ken, can not consider

s i=sup {¢ >ty [15(7) = 208l < A2l 212 s V7 € [1,1)},
(15)
since it requires knowledge of true state z(-) assumed unmeasured

"Girard 2015a; Yi, Johansson, and Dimarogonas 2017; Koudohode, Baudouin,‘and Tarbouriech 2022.
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@ To design triggering mechanism that determines (tx)ken, can not consider

s i=sup {¢ >ty [15(7) = 208l < A2l 212 s V7 € [1,1)},
(15)
since it requires knowledge of true state z(-) assumed unmeasured

o Could use static triggering condition that directly leverages observer state 2(-)
tei=sup {e >t [12(7) = 2(6)ln <12l VT EtGD)},  (16)

implementable in practice, as it depends only on observer state 2(-)
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Dynamic triggering rule

@ To design triggering mechanism that determines (tx)ken, can not consider

tea = sup {£ >ty 112(7) = 2(8) [ < A2l + 12l Y7 € [8,1)],

(15)
since it requires knowledge of true state z(-) assumed unmeasured
o Could use static triggering condition that directly leverages observer state 2(-)
tei=sup {e >t [12(7) = 2(6)ln <12l VT EtGD)},  (16)

implementable in practice, as it depends only on observer state 2(-)

@ To increase flexibility of triggering mechanism and to achieve better control of
inter-event times, we equip system (12) with internal scalar dynamic variable m(-)

tii1 == sup {t >ty 12(7) = 2(t) 3 < Al12(7)ll3¢ + m(7),  v7 € [t t)}, (17)

"Girard 2015a; Yi, Johansson, and Dimarogonas 2017; Koudohode, Baudouin,‘and Tarbouriech 2022.
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Dynamic triggering rule

@ To design triggering mechanism that determines (tx)ken, can not consider

teyr = sun{t >t [12(7) = 2(8)llse < AllZ(P) I3 +A2(7) 13, V7 € [t t)}7

(15)
since it requires knowledge of true state z(-) assumed unmeasured
o Could use static triggering condition that directly leverages observer state 2(-)
tei=sup {e >t [12(7) = 2(6)ln <12l VT EtGD)},  (16)

implementable in practice, as it depends only on observer state 2(-)

@ To increase flexibility of triggering mechanism and to achieve better control of
inter-event times, we equip system (12) with internal scalar dynamic variable m(-)

b = sup {£> ti, [2(7) = 2(8n < M2+ m(r), Vo €[50} (17)
o Introduce maximal time T* under which system (12)-(17) has a solution

. {oo, if card ((tk)keN) < 00,

. : (18)
limsup, tx, otherwise

"Girard 2015a; Yi, Johansson, and Dimarogonas 2017; Koudohode, Baudouin,and Tarbouriech 2022.
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Key assumptions

H, U and Y are Hilbert spaces

Assumptions (G)

A : D(A) C H — H is infinitesimal generator of a Co-semigroup exp(tA)
B e L(U,H) and K € L(H,U) are bounded linear operators

A+ BK is infinitesimal generator of an exponentially stable Co-semigroup on H

°
°

°

° and L € L(Y,H) are bounded linear operators

o A+ LC is infinitesimal generator of an exponentially stable Co-semigroup on ‘H
°

Generator A satisfies quasi-dissipativity condition

Jea >0, Vzo € D(A), Re(Az,2z0), < callzol3, - (19)

A\,

Assumption (M)

e mc CO(R+;R+)7
e VT >0, dor >0, infte[g,T] m(t) >or,
@ 3C» >0, Ju>0, m(t) < Cnre ™, Vt>0,

= = = =

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 13/48



Well-posedness

Augmented state Z = (2,e)’ € H x H satisfies

{Z(t) = AaueZ(t) + di(t), tE€[te tis1), keEN, (20)

Z(0) = Z,

Aug = (A P C) . D(Aang) = D(A) x D(A), (21)
d(t) = (BK(Q(tkg - 2“))) . teltotn) ke, (22)

Lemma (Augmented closed-loop generator)

Under Assumptions (G), Aaue generates a Co-semigroup on H X H.

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 14 /48



Well-posedness

Theorem (Well-posedness of a maximal solution)

Under Assumptions (G) and Assumption (M), there exist a strictly increasing sequence
(tx)ken C Ry with to = 0 and a unique mild solution

Z e C([0, T); H x H), (23)

where T = sup, tx € (0, 0], such that

Z(t) = exp((t — tk)Aaug) Z(tk) + /ttexp((t — 5)Aaug) (BK(z;(tk)) ds, Vt € [t, tkt1),
k (24)

and triggering rule (17) holds on each interval [tx, tkt1) for k € N,

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 15 /48



Regularity of solutions

Theorem (Piecewise classical regularity)
Under Assumptions (G) and Assumption (M), and if in addition Zy € D(A) x D(A) then
Z(-) is weakly continuous in [0, T*) with values in D(A) x D(A) and piecewise
classical in [0, T™) with values in H x H, i.e.

Z € Cu((tx, ter1); D(A) x D(A)) N CH((th, tisr); H x H), Yk €N. (25)
Moreover, it holds that for all t € [0, T™),
< lIBKIHA || (A + BK) 2 + LCeo5,+te 1B LC|| Mo (A + LC)enll,

(26)

2

Lo°(0,6H)

V.

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 16 /48



Exclusion of Zeno

Theorem (No zeno)

Under Assumptions (G) and Assumption (M), solution to system (??) subjected to
triggering rule (17) satisfies
T* = 00, (27)

and thus does not experience any Zeno phenomenon

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 17 /48



Exponential stability

Theorem (Event-triggered stability)

Choosing small enough ~, under Assumptions (G)-(M), then event-triggered system
(12)-(17) is exponentially stable in H x H for an initial datum in D(A) x D(A), i.e.

3C>0, B>0, 213+ le(®)3, < € (I2lly, + lleolly, + mo) e, vE>0,
(28)

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 18 /48
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Finite-dimensional case

03 06 04 1
A=106 -10 06|, B=e=|(0], C:e3T= (0 0 1) (29)
04 06 03 0
Parameters

Description Symbol  Value
Design rule ¥ 0.30
m(-) rate I 0.70
Coupling ¢ 1.0
Initial state 20 (1, 0.5, —0.5)
Initial observer 2y (0, 0,0)
Initial internal mg 1.0
Time horizon T 15s
Time step At 10-3s

N.B, L.B, S.E, AH, T.L, PL (CERMICS, ENPC) Event-triggered control and observer design June, 4th 2026 19/48



107t
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107°
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£t

1077

107°

1071

N.B, L.B, S.E, AH, T.L, P.L (CERMICS, ENPC)

ET Observer Control in 7° — Energy £(t)
Gains: Riccati (LQR) | y=0.3, u=0.700, {=1.0,me=1.0 | A" =1.400

Sc.1: Continuous closed-loop

e AT =1.400

E(T)=43e-11

E(t)

Sc.2: Continuous observer

— A= —1215/s
e, A" =1.400

2

4 6 8 10
Time t [s]

Sc.3: ET exact state (static trigger)

e, A" =1.400

12

14

0 2 4 6 8 10 12 14
Time t [s]

Sc.4: ET observer (dynamic trigger, m-ODE)

— A= —1.4475
e, A" =1.400

2

4 6 8 10
Time t [s]
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10°°

E(t)

1077

10°°

10-11

Energy E(t) — All Scenarios
y=0.3, 4=0700,{=1.0, m=1.0 | A" =1.400

Sc.1: Cont. CL (A= —1.523)
Cont. obs. (A= —1215)

—— Sc.3: ET exact (static) (A= —1.790)
—— Sc.4: ET obs. (ODE m) (A= —1.447)
Bound Ce™"!, A* =1.400
[ 2 4 6 8 10 12 14

Time t [s]
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Inter-Event Intervals 1, =t; ,; — ty — No-Zeno Verification

Sc.3: ET exact state (static) Sc.4: ET observer (dynamic, m-ODE)
10°
1071
- e Ne-82 _ 1071
0 0
j“ === Zeno threshold 2At = 0.0020s T(
= —'= Tmn =0.0600s =
1072
1072
—o— N, =49
- Ze threshold 2At = 0.0020:
Non-Zeno Non-Zeno /) Iy "l
0 10 20 30 40 50 60 70 80 0 10 20
Event index k

30 40 50
Event index k
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State and Observer Trajectories — Sc.4 (ET observer, m-ODE)
Solid: true z(t) | Dashed: estimate Z(t) | Dotted: error e(t)=2-2z

21 — actuated (B =e1)
°

o
EY

o
N}

o
o

2, — intermediate state

|
o
N}

0.6 —_—z - % e

0.4

0.2

0.0

-0.2

23 — measured (C=ej)

-0.4

0 2 4 6 8 10 12 14
Time t [s]
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Influence of y on Performance | u=0.700, mo=1.0, A" =1.400

Trigger count vs y Convergence rate vs y Min dwell-time vs y
1.5W
o ./ /I/.“ 0.04
12
10 0.03
Eos T ] B == zeno theshod 281000205
= stabilty limit £ 0.02
&
0.6
0.4
0.01
0.2
0.0
0.00
0.0 0.1 0.2 03 0.4 05 0.0 01 0.2 0.3 0.4 05
Y Y
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Damped wave equation 1D

PDE model on (0,1)
01z = B0z — dBrz + b(x)u(ty)

1st-order form z = (u, v)T, vV =2z

Actuation/observation
Force on v at x, ~ 0 and measure u at x, ~ 1.

Parameters

Description Symbol  Value
Wave speed c 1.0
Damping d 0.5
Actuation Xa ~0
Observation Xo ~1
Design rule ¥ 0.25
m(-) rate u 0.25
Initial internal  mg 0.5
Time horizon T 60s
Time step At 1035
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ET Observer Control — Wave eq. 1D, n= 60 — Energy E(t)
Gains: Riccati (LQR) | y=0.25, u=0250, {=1.0, mp=0.5 | A" =0.500

Sc.1: Continuous closed-loop

E(N)=24e-12

Sc.2: Continuous observer

0 10 20 30 40 50 60 0 10
Time t [s]

Sc.3: ET exact state (static)

10-10

1012

20 30 40 50 60
Time t [s]

Sc.4: ET observer (dynamic, m-ODE)

0 10 20 30 40 50 60 0 10
Time t [s]
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Energy E(t) — All Scenarios
Wave eq. 1D, n=60 | y=0.25, 4=0.250, {=1.0, mp=0.5 | A" =0.500

10 — Sc.l: Cont. CL (A= ~0.507)
= Sc.2: Cont. obs. (A= —0.503)
10° — Sc.3: ET exact (static) (A= —0.507)
= Sc.4: ET obs. (ODE m) (A= —0.503)
e A" =0500
1072
107¢
=
Y 107
107
10710
10712
10 20 30 40 50 60
Time t [s]
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Inter-Event Intervals 1, =t; ,; — ty — No-Zeno Verification
Wave eq. 1D, n =60

Sc.3: ET exact state (static) Sc.4: ET observer (dynamic, m-ODE)
BN
10 1l [ ”H
1071
P [ - — —— Ney=362
@ 0 "
= = ==+ Min possible At = 0.0010s
= )
102 = — = Toma=0.05005
1072
o Nay=956
Min possible At = 0.0010s
10-3 | [NonZeno 7 T =0.02605 10-3 | [NonZeno
0 200 400 600 800 1000 0 50 100 150 200 250 300 350
Event index k Event index k
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Spatial Snapshots
Displacement u only (vel

Solid:

Wave o 1D — Sc.4 (ET observer, m-ODE)
v omitted: boundary artefact from p
:true z | Dashed: estimate ? | Dotted: error

observer)

£=24.005 £=36.005
0.002 w10 0,00010
=
E 0.001 0.00005
0.000 . 0.00000
0.0 05 10 0.0 05 10
x
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Influence of y — Wave eq. 1D, n =60

H=0.250, mo=0.5, A" =0.500
a3 Trigger count vs y Convergence rate vs y Min dwell-time vs y
0.5 -~ 28t=0.00205
0.08
0.4
0.06
0.3 -
= t=os00 2
= stabity it | £ 0
0.2
0.1 0.02
0.0 0.00
01 0.2 03 0.4 05 0.6 0.1 02 03 04 05 0.6
Y Y
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Reaction-diffusion 2D

PDE model on Q = (0,1)?

Orz = KAz + oz +b(x)u(tk)
————

A

max Re(A) ~ +1.58 (unstable)

Parameters
Description Symbol  Value
Diffusivity K 0.25
Reaction o 7.50
Mesh ny X np 20 x 20
Actuation Xa corner (0,0)
Observation Xo corner (1,1)
Design rule ¥ 0.20
m(-) rate I 1.0
Initial internal  mg 1.0
Time horizon T 5s
Time step At 10735
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ET Observer Control — Heat eq. 2D, n
Gains: Riccati (LQR) | y=0.25, u=1.000,

Sc.1: Continuous closed-loop

400 — Energy E(t)
1.0, me=1.0 | A*=2.000

Sc.2: Continuous observer

10*
10°
102 102
5 10"
10
10°
T T a1
T 07 S0
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1074
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1076 1074
— A= —5126/s — A= —4.390/5
et A" =2.000 107> e, A" =2.000
0 1 2 3 4 5 0 1 2 3 4 5
Time t [s] Time t [s]
Sc.3: ET exact state (static) Sc.4: ET observer (dynamic, m-ODE)
10° 10?
2
10! 10
N 10!
10~
10°
= 1073 =
w g0t
-5
10 102
1077 10-2
_g || ™ Am=-6.48Ls 1074 ] — Am=-3287is
10 e, A" =2.000 e A" =2.000
0 1 2 3 4 5 0 1 2 3 4 5
Time t [s] Time t [s]
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Energy E(t) — All Scenarios
Heat eq. 2D, n =400 | y=0.25, 4=1.000, {=1.0, my=1.0 | A" =2.000

— sc.1: Cont. CL (A= -5.126)
10° —— Sc2: Cont. obs. (A= -4.390)
—— 5c.3: ET exact (static) (A= —6.481)
N —— Sc.4: ET obs. (ODEm) (A= —3287)
10 e A" =2.000
1071
T 153
T 10
107
107
10-°
0 1 2 3 4 5
Time t [s]
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Inter-Event Intervals 1, =t; ,; — ty — No-Zeno Verification
Heat eq. 2D, n =400

Sc.3: ET exact state (static) Sc.4: ET observer (dynamic, m-ODE)
—— Ne=88 10°9 + W, =47
~=- Min possible At = 0.00105 -
Trmin = 0.0010s.

- Min possible At=0.0010s
—= Tmn=0.00105

107t

107t

Tk [s]
Tk [s]

1072
1072

10-3 | [NonZeno /

10-3 | [NonZeno 7

[ 20 40 60 80 0 10 20 30 40
Event index k Event index k
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Spatial Snapshots — Heat eq. 2D — Sc.4 (ET observer, m-ODE)
Col 1: true z | Col 2: estimate 2 | Col 3: error e
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Trigger count vs y

Influence of y — Heat eq. 2D, n =400
1=1.000, mo=1.0, A" =2.000

Convergence rate vs y

—= A" =2.000
Stability limit

Tmin [5]

0.000
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-0.800

-1.000

Min dwell-time vs y
le-16+1le-3
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Conclusion

@ Observer-based event-triggered control of infinite-dimensional systems
= well-posedness, exclusion of Zeno and exponential stability established

@ Systems governed by (dynamics) operators not required to be skew-adjoint
= we rely on quasi-dissipativity property

@ Role of dynamic triggering in observer-based PDE setting fundamental = static
triggering rules may be insufficient to guarantee absence of Zeno behaviour
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Perspectives - Dwell-time

What has been achieved

o Finite dimension: uniform dwell-time 7, > 0 independent of k proved from

=2 (i i £ 3AD)
(32)

(VIR sl + mti))” < 2t = 8 [ VIR e + MO ooy 0 |7

o Infinite dimension + spectral decomposition: uniform dwell-time when unstable
subspace #,, is finite-dimensional (parabolic systems)

Open problem: general infinite dimension

When A generates a Cp-semigroup with no spectral gap bound on ||2(tk)|| grows like
e“* — 4-00: only No-Zeno is currently provable, not a uniform dwell-time
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Perspectives - Relaxing quasi-dissipativity via a P-norm

What has been achieved

Assumption 19 requires a quasi-dissipativity property in 7-norm can be weakened
=> it exists a Lyapunov quadratic functional V' : H — R, associated to A+ BK such that

Imi, m >0, m HzHi <V(z) < m HzHi , VzeH, (33)
3P e L(H), P=P", V(z) = ||Pz|3,, Vze€eH, (34)
38 >0, Vz e D(A), %v (e““*BK)zo) < 28V (ef“*BK)zo) . ve>o0, (35)

\

Open directions
@ Non-self-adjoint P: multiplier-based Lyapunov functionals for hyperbolic systems
framework allows P # P*, but constructing Gramian in this case requires new
admissibility results

o Boundary observation (Cohs unbounded): extend Gramian framework to
Salamon-Weiss well-posed systems class

A,
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Perspectives: Triggered observations

Two distinct sampling problems

So far: control u(t) = KZ(tx) is sampled, observation y(t) = Cz(t) is continuous

Two natural extensions:

© Triggered observations, continuous control: y is only transmitted at instants {7;},
control u(t) = KZ(t) is updated continuously using observer

@ Both triggered: control sampled at {tc}, observation transmitted at {7;}, two
independent or coupled trigger rules

What changes

o Observer error e(-) no longer satisfies a simple ODE: between two observation
instants, é = (A + LC)e but L acts on a stale output y(7;), not on y(t)

\
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Well-posedness

Theorem (Well-posedness of a maximal solution)

Under Assumptions (G) and Assumption (M), there exist a strictly increasing sequence
(tx)kenw C Ry with to = 0 and a unique mild solution

Z e C([0, T*):H x H), (36)

where T* = sup, tx € (0, 00], such that

Z(t) = exp((t — tk)Aaug ) Z(t) + /texp((t — 5)Aaug) (BKf)(tk)) ds, Vt € [tk, tks1),

ty
(37)
and triggering rule (17) holds on each interval [tx, tk+1) for k € N,

o Existence and uniqueness despite implicit coupling (t«+1 depends on the solution,
which itself depends on ti41)

@ Sequence (tx)ken is constructed simultaneously with solution by induction (no a
priori knowledge of trigger times is needed)
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Regularity of solutions

Theorem (Piecewise classical regularity)

Under Assumptions (G) and Assumption (M), and if in addition Zy € D(A) x D(A) then
Z(-) is weakly continuous in [0, T*) with values in D(A) x D(A) and piecewise
classical in [0, T™) with values in H x H, i.e.

Z € Cu((tx, ter1); D(A) x D(A)) N CH((tk, tisr); H X H), Yk €N. (38)
Moreover, it holds that for all t € [0, T™),

< SMIBKIFENt ||(A 4 BK) 2o + L Ce-+ 211+ || LC]| Mo [[(A + LO)enl,
(39)

d

Lo0(0,t:H)

V.

© Regularity is piecewise: at each trigger time tx, control u = K2(t) is frozen
creating a jump in 2(-) but not in 2(-) itself

@ Bound on ||2||.= grows in t: this is not uniform in k for general infinite-dimensional
A and is key obstruction to a uniform dwell-time without additional structure
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Exclusion of Zeno

Theorem (No zeno)

Under Assumptions (G) and Assumption (M), solution to system (??) subjected to
triggering rule (17) satisfies
T* = 00, (40)

and thus does not experience any Zeno phenomenon

v

@ Zeno behaviour (infinitely many triggers in finite time) would make system physically
unrealisable

o Dynamic variable m(-) > 0 is essential ingredient: it prevents trigger threshold
from collapsing to zero even as 2(t) — 0

o Without m(-), Zeno can occur for classical static triggers as 2 — 0

\
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Exponential stability

Theorem (Event-triggered stability)

Choosing small enough ~, under Assumptions (G)-(M), then event-triggered system
(12)-(17) is exponentially stable in H x # for an initial datum in D(A) x D(A), i.e.

3¢>0, 3N>0, [0 + le(®)lZ < € (120l + levlly + m0) e, ¥e >0,
(41)

V.

e Rate \ = min(251, 214, 200) balances three competing decays:
closed-loop, dynamic variable m(-) and observer error

o Condition on 7 is explicit:
larger v = fewer triggers = smaller 5; = slower convergence
= trade-off between communication rate and stability rate

@ Term myg in bound (41) captures initial trigger threshold:
= setting mo — 0 recovers continuous-time rate

N
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Assumption (Riesz spectral decomposition)
Operator A: D(A) C H — H is a Riesz-spectral operator with discrete spectrum
o(A) = {(Andaz1,  lim Re(As) = —oo,
Fix a threshold \c > 0 and define
on ={A€d(A), Re(\)>-A}, N:=|o,<oo, os:=0(A)\ou,
Let P,, Ps € L(H) be corresponding Riesz spectral projectors satisfying
Py+Ps=1, P,Ps=PP,=0,
Hy = P,/H = (CN, (finite-dimensional), Hs := PsH, (infinite-dimensional),
As = Aln, € L(Hu),
and generator of an (analytic) exponentially stable semigroup on H.s,
As = Alpaynis
satisfying

IMs > 1, Fas > Ac >0, [lexp(tAs) £,y < M,e ™ot t >0,

(42)

(44)
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