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Shallow water equations on the half-plane
o (") +a I —0, Vx,t>0
“\a) " " \@?/h+gn?/2) 7 T
q(0, t) = qo(1). (BO)

(1) Entropy inequality : 9¢n(h, q) + 0xG(h,q) <0,

n(h,q) = ¢*/(2h) + gh?/2,  G(h,q) = q(q*/(2h°) + gh).

(i) Dissipative (BC) i.e. qo(t) <O :

% /}R+ n(h, q) dx < G(h(0, t), qo(t)) < 0.
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Finite-Volume method on the half-plane

3Ax
2

n 1 n
wy %AX/A; w(x, t") dx

1 X1
wg = (h,q)T(0,) Kb~y GO
i—3
. | ] |
x=0 | | | I x
5 2 %=1 Hi+h

Entropy-satisfying schemes for the interior domain (HLL, Rusanov, ... ) :

w; Wi — E (‘F(Wln7 Wi+1) - f(Win—lv W'n)) )
At
AW < n(f) = o (G(wf wly) = Gy, ), Vi > 1

(VF)
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Discrete boundary conditions

Ax

n+l _ 2 27 = 3 !
"=y Mlox)/Atug i e
a6 = Qg W),

where h(-, w§, w{") is a Partial Approximate Riemann Solver (PARS).

(i) Dubois et al : w(0T,t) € {Wr(0F, w(0, t), wg), wg € R?}.

(i) Godunov-type schemes : WIL N
n+1 1 R L
R _ n wiT =Wy +wi)
W= ax fo w(x/At,w, w, ) dx, 73 3
L 2 wh 1
J— n j— &
W= 2 f o W(x/At, Wi, wiy) dx, s T
1_1
W,-n+ :i(W-_1+W-+1)- Iw ‘I
i—3 i+3 F A 1T X
Xi-} x Xt}
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Weak-consistency of (BCygj)
w' = (h",q")T € R? s.t.
q" = qo(t") + O(At).

(i) hgtis consistent if h(-, wg, wf") € L*([0, Ax]) and if
(a) the a-weak-consistency holds

o >0, h(-,w",w") = h"+ O(Ax%),
(b) the integral consistency relation holds

1A o W4 h o At, .
E/o h((x —x1)/At, wg, wi') dx = 02 1—E(Ch—%)-

(i) qg*tis consistent if Q(-,-) ensures

Q(w", w") = qo(t") + O(At).

L. Martaud Partial approximate Riemann solver 7/ 26



Discrete stability of (BCyjs)

Lemma :
If h§ > 0,95 <0 and if

2 % T n n
x| BBt wg, wi), g5 dx

2At

< n(wf) = . (G, wi) = G

then (w/1);>1 U wg ! enforces

Zn

i>0

n+1) n(Win)’C" <0

where |Cj| > 0 denotes the measure of the cell /.
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Sketch of the proof

: s n(WinJrl) — W(Wi") n ..n
- : < .
(/) Entropy-satisfying (VF) ,-E>1 : Ax < G(wg, w{)

(ii) h§ >0, g§ <0 involve —G(w{) = —G(wg,wg) > 0:

U(Win+1) - U(Win) ‘Cl
, At ’
i>0
n+1y A
< n(wo™") — n(wg) Ax +G(wg, W) — G(w, w).
At 2
(iif) Jensen inequality :
o 5
w1 < o [ nh(x = x) At g wp). 05 dx
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Application with HLL for a practical design

Interior domain : symmetric HLL scheme defined by

F(wi,why) = 5(F(w) + f(wfi1)) — 3 7+%(Wi,1¢—l -w'"), Vi>Q,

_ 2 2/\T \n
where f(w) = (q,q°/h + gh*/2) ,)\’.+% > 0.

PARS :

h((xfx%)/At, wy, wy') =
hy, if x —x1 < —A1At¢,
2 2
7, if =ATAt <x—Xx1 <0,
2
Ry, IF0 < x—x1 < AAL,
2 2

ht, if ATAt < X =X,
2
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Practical consistency design for PARS

(i) Integral consistency relation 3(h} + hg) = hY-L where
2

Wit = (R gHE)T = 36+ wf) — g (F(w]) — F(5).

Nl 3

(i) Formulation in (BCys) :
Py = hg — A(af — a§) + XA ((A] — HE) — (ki — ).

(iiif) Formal strong consistency :

(0eh + 0x)(0, t) = A (Dxch — 0h*)(0, £) = O(Ax).
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Practical entropy stability design for PARS
(i) Entropy condition :

n(hi, g5t <

< oo (1= 200) (n(hG, 48) — 1k, g5 ™)) + "
2
HLL

)

= 3(n(wg) + n(wr)) = 77 (G(wy) = G(wg),

with v7 = M At/Ax.
2 2

(i) Reformulation with 1(h} + hj) =

hELL and dh* = (h} — h’[)/(2h';'-'-) :
oh* n+142 * *\2 hHLL ny2 n+1y2
T ((Fr"™™)? =2+ 30k — (6h*)%) < (1—2u1)2hn n((Fr )> = (Fr"1)?)
HLL HLL
ny— —n(wi )
HLL\2 n+1\2
—|—(Fr ) —(Fr ) +2W7
2
where (Frk)?

= (ab P/ (@), (FHL)2 = (2 /(g (M),
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Practical entropy stability design for PARS

(i) Entropy condition :

n(ht,ag™) <

i (1= 207) (0, 0§) — (g, 0 ™4)) +

Mt = 3 (0(ng) +0(w])) — 53 (G(W]) = G(wg)),

n
1
2

with v7 = M At/Ax.
2 2

(if) Reformulation with 3(h} + hj) = h';'LL and 6h* = (h% — ht)/(ZhE‘LL) :

HLL
oh* n+1y2 X N2\ n h% 2 n+1y2
T ((Fr"™™)? — 2430 — (6h*)%) = (1 21/%)2/781/5 ((Fr")* — (Fr"™™)?)
HLL HLL
nr- —n(wi)
+ (FrHLL)Q _ (Frn+1)2 402 g(h|I||_|_)22 ,
z

(*cubique)
and 5h* € (—o0,1),

= O(Ax®).
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Entropy stability enforcement on the boundary

Lemma : If gf™' = Q(wf,w{) is weak-consistent with qo(t) €
CYHR*,R™) and if

hHLL
3¢/ (Fr”+1)4/4 <1+(1-2v ”)2th1 ((Fr" ) (Fr”+1)2)
’ PHLL (W) (%)
+ (FrHLL) + D 2 2 ’
g(H)?

then (%cubique) admits at least one solution in (—o0, 1) that also satisfies
Sh*|wp=wp=wn = O(Ax?).
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Sketch of the proof

O(6h*) = 5h* ((Fr"h)? — 2+ 360 — (6h*)%) /(1 — 6h*).
(i) Convex in (—o0,1) and minimum for k% = 1 — ¢/ (Fr"™™)2/2.

(i) Taylor-Lagrange expansion around dh7, :

O(5h*) = —(Fr™ )% 4+ 3¢/ (Fr™1)* /4 — 1+ JO"(£)(oh* — oh},)%.

(iii) Reformulation of (%cybique)

3P7()(6h* — 5y )? = =3¢/ (Fr™ )% /a+1

hIIILL 77|1-|LL _ 77(W|1-|LL)
_ n 2 m2 n+1y2 HLLy2 2 2
+(1 21/%)2/78”'17 ((Fr )e — (Fr"™) ) +(Fr)+2 (A2
2 2
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Definition for g§™!

Lemma : Let go(t) € C}Y(R*,R™) and
hl = (1 — 207 +207h8 > 0,
2 2 2

B =(1- 2y§)thL/hg € (0,1].

The following :

n+1 |Bnq61 + (1 7ﬁn) %H qo(tn—i-l) . qo(t")| < 07

is weak consistency and if |[Fr"™!| # \/2 then there exists \] > 0 large
2

enough such that (%) holds.
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Sketch of the proof
(i) Expansion of (%) with g™ :
3Wg L (FO7 4 e (<4 (R 4 (1 7))
+agey (97 + (L= N(FM? = (7R (1 BT)F)

+ m(ﬁ - U(WHLL))

2

(ii) HLL stability, convexity of s+ s2 :
0<1-3 3/(Frn+1)4/4+(Frn+1)2+2h2§,'{ (—(Fl’n+l)2 + (B”Fr" +( Bn) HLL) ) .
2

(iii) Expansion of (Fr"t1)2 = (qf*1)2 /(g(hHLL) ) and v] = ANTAt/Ax :
2 2

Ax qo(t"™™) — qo(t")
A7 At
2

0<1- 3(3 (Fr"+1)2/2) +(Frm)2 4 O(1).
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Weak-consistent entropy-stable (BCy;)

Theorem : Let qo(t) € CY(RT,R™) and (w/™);>; given by the (VF)-
HLL scheme. If

n+1 |Bn n ( _/Bn) HLL_|_qO( n+1) . qo(t”)| < 0,
hg™t = hg — 2E(af — a5) + M AL ((h] = hg) = (hk — h})),
with hp — hf = 2h2"'—5h* defined with (%cubique) under (%x) then W(;H_l
(1) is weak-consistent,

(i) is robust : ATt >0, gt <0,

(iif) enforces
n+1)

277 77( n)|C|<0

i>0

L. Martaud Application to the HLL scheme 18 / 26



Contents

Numerical experiments
Practical implementation
Numerical results

L. Martaud

19 / 26



Implementation

1wy, wi', AT, At, AX,AtHLL # Data
2

N

while (xx) is false do
3 increase \1{

2
4 update wiltt git?, (xx)
2

# possibly additional procedure to check and
correct |Fr"tl| =2,

[&,]

solve (*cubique) to get 0h* # explicit cubic solver
update hjt?

[=)]

7 (re)-restrict At = min (Ax/(2A7), AtHLL)
2

8 return W67+1, At
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Numerical protocol

(i) Reference solution :

(a) Godunov scheme for the interior domain.
(b) Iterative solver for {Wx (0T, w(0,t"), w{")}.

(if) Comparative with discrete Riemann invariants ¢(w) = q/h + 2/gh,
A~ (w)=q/h—/gh:

p(wg ™) = @(ug) — A7 (wg) ax ((wf) — (ug)) .
(iii) Data : w%(x) = (10 4 0.25sin(7x),0)7, qo(t) = —qieft Sin*(t/7).

(iv) Entropy stability

g — Z n(Win+1) — U(Wi") |C/|

i>0
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Numerical results at rest

Gt = 0, x € [0,10], 500 cells, tgny = 0.1, CFL= 0.9.

10.4 0.4
Ref
0.2 RI °
h 10 1 of q PARS
RI o 0
PARS .
9.6 | | 0.2 | |
0 1 2 3 0 1 2 3
X X
10.4 0 ——————
-0.4
Ref :
-0.8 -
h(0, t) of . % RI o
RI - 127 ppRs -
PARS - 16 =
10 ‘ -2 ‘
0 0.195 0.1 0 0.95 0.1
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Numerical results for generic dissipative (BC)

Gt = 30, 7 = 0.05, x € [0, 10], 500 cells, tfny = 0.2, CFL= 0.9.

10.4 13
9.1 0
h 7.8 13
' 7 26
6.5 _3-9
5.2 5.2

0 1 2 3 0 1 2 3

X X

0 0.05 Oi*l 0.15 0.2 0 0.05 Ofl 0.15 0.2
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Conclusion

Formulation of (BCg;s) with PARS
(i) generic framework for the weak-consistency,

usually : Taylor expansions.

(ii) enforces weak-consistency, robustness, entropy-stability,
usually : discrete Riemann invariants.

Investigate extensions for other (dispersive) systems.
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