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Introduction
Bubble effects on the surrounding fluid

▶ Resonant scattering of acoustic waves by gas bubbles

▶ Strong modification of sound speed and compressibility

▶ Nonlinear regimes: cavitation

Applications

▶ Medical ultrasonics

▶ Sonar and underwater acoustics

▶ Aerospace propulsion systems

Two-phase flow models

▶ Sharp-interface: explicit moving boundary

▶ Diffuse-interface: regularized transition layer

Goal: Analysis and simulation of compressible fluid–bubble flows.
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Derivation of the fluid–bubble system
Diphasic flow:

Bubble phases: (ρi , ui , pi )1≤i≤m in
⋃m

i=1 Bi

Fluid phase: (ρf , uf , pf ) in Ω \
⋃m

i=1 Bi := F

Viscous barotropic compressible Navier–Stokes system:

Mass conservation: ∂tρj +∇ · (ρjuj) = 0

Momentum balance: ∂t(ρjuj) +∇ · (ρjuj ⊗ uj) = ∇ · T(uj , pj)− ρjg

Stress tensor: T(uj , pj) = 2µj

(
D(uj)− 1

3
(∇ · uj)I3

)
+ (νj∇ · uj − pj)I3

Barotropic law: pj = pj(ρj) = ajρ
γj

j

FB1 B2

B3

Constants:

aj > 0, γj >
3
2
, µj > 0, νj ≥ 0

Interface conditions on ∂Bi :

uf = ui(
T(uf , pf )− T(ui , pi )

)
n = κ̃in
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Derivation of the fluid-bubble system

Definition of the composite variables:

Ind. func.: ∂t1F + uf · ∇1F = 0, ∂t1Bi + ui · ∇1Bi = 0,

Velocity/Density: u = 1Fuf +
m∑
i=1

1Bi ui , ρ = 1Fρf +
m∑
i=1

1Bi ρi

Presure law: p = p(ρ, {Bi}mi=1) = 1Faf ρ
γf
f +

m∑
i=1

1Bi aiρ
γi
i

Visc. coeff.: µ = 1Fµf +
m∑
i=1

1Biµi , ν = 1Fνf +
m∑
i=1

1Bi νi

The triplet (ρ, u, p) satisfies in Ω:{
∂tρ+∇ · (ρu) = 0

∂t(ρu) +∇ · (ρu ⊗ u) = ∇ · (T(u, p)) +∇κ̃− ρg
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Derivation of the fluid–bubble system
Energy equation

∂te+∇·
(
ρu |u|2

2
−(Σ+κI3)

)
+2µ

∣∣∣D(u)− 1
3
(∇ · u)I3

∣∣∣2+ν|∇·u|2+(κ̃·∇)u = −ρg

Internal energy

e = 1
2
ρ|u|2 + P(ρ, {1Bi }), P(ρ, {1Bi }

m
i=1) = 1Faf

ρ
γf
f

γf − 1
+

m∑
i=1

1Bi ai
ργi
i

γi − 1

Taking formally µi = ∞, we obtain

D(ui ) = 1
3
(∇ · ui )I3, .

The bubble velocity then satisfies

ui (x) = Vi + ωi × (x − xi ) +
Λi

3
(x − xi ) + ai

(
(x − xi )⊗ (x − xi )−

|x − xi |2

2

)
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Derivation of the fluid–bubble system
Energy equation

∂te+∇·
(
ρu |u|2

2
−(Σ+κI3)

)
+2µ

∣∣∣D(u)− 1
3
(∇ · u)I3

∣∣∣2+ν|∇·u|2+(κ̃·∇)u = −ρg

Internal energy

e = 1
2
ρ|u|2 + P(ρ, {1Bi }), P(ρ, {1Bi }

m
i=1) = 1Faf

ρ
γf
f

γf − 1
+

m∑
i=1

1Bi ai
ργi
i

γi − 1

Taking formally µi = ∞, we obtain

D(ui ) = 1
3
(∇ · ui )I3, .

Assuming further that Bi = B(xi ,Ri ), the bubble velocity then satisfies

ui (x) = Vi + ωi × (x − xi ) +
Λi

3
(x − xi ).
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Derivation of the fluid–bubble system
We construct w smooth vanishing on ∂Ω such that

w(x) = Ṽi + ω̃i × (x − xi ) +
Λ̃i

3
(x − xi ) in Bi .

Multiplying

∂t(ρu) +∇ · (ρu ⊗ u) = ∇ · (T(u, p)) +∇κ̃− ρg

by w and integrating by parts, we derive the following ODEs for (Vi , ωi ,Λi ):

d

dt
(miVi ) = −

∫
∂Bi

T(uf , pf )nds −
∫
Bi

ρigdy ,

d

dt
(Jiωi ) = −

∫
∂Bi

(s − xi )× T(uf , pf )nds

d

dt
(KiΛi )−

1

3

(
Jiωi · ωi + Ki |Λi |2

)
= −1

3

∫
∂Bi

(s − xi ) · Tf (uf , pf )nds

+

(
νiΛi − aiρ

γi
i +

κi

Ri

)
|Bi |
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The fluid-bubble system
Fluid equations

∂tρf + ∇ · (ρf uf ) = 0

∂t(ρf uf ) + ∇ · (ρf uf ⊗ uf ) = ∇ · T(uf , pf ) − ρf g

T(uf , pf ) = 2µf

(
D(uj ) − 1

3 (∇ · uj )I3
)
+ (νf ∇ · uf − af ρ

γf
f )I3

pf = pf (ρf ) = af ρ
γf
f

Bubbles equations

d

dt
(miVi ) = −

∫
∂Bi

T(uf , pf )nds −
∫
Bi

ρigdy ,

d

dt
(Jiωi ) = −

∫
∂Bi

(s − xi ) × T(uf , pf )nds

d

dt
(KiΛi ) −

1

3

(
Jiωi · ωi + Ki |Λi |2

)
= −

1

3

∫
∂Bi

(s − xi ) · Tf (uf , pf )nds

+

(
νiΛi − aiρ

γi
i +

κi

Ri

)
|Bi |

Interface conditions

uf = Vi + ωi × (x − xi ) +
Λi

3
(x − xi ) on ∂Bi
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Weak formulation of the fluid-bubble problem
Continuity equation

∫ T

0

∫
Ω

ρ ∂tφ+ (ρu) · ∇φ dx dt = 0 ∀φ ∈ D((0,T )× Ω).

Test functions

T (Qb) =
{
φ ∈ D((0,T )× Ω) : φ = φi in V(Qi ), φi ∈ D(0,T ;S)

}
.

S =

{
φb : ∃ V , ω ∈ R3, Λ ∈ R, φb(x) = V + ω × x +

Λ

3
x

}
.

Momentum equation

For all φ ∈ T (Qb),∫ T

0

∫
Ω

(ρu) · ∂tφ+ (ρu ⊗ u) : ∇φ+ p∇ · φ

=

∫ T

0

∫
Ω

2µD(u) : D(φ) + ν∇ · u∇ · φ+ κ̃b ∇ · φ− ρg · φ
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Definition of the fluid-bubble problem

Initial conditions

ρ0 ∈ Lγf (Ω), ρ0 ≥ 0 a.e. in Ω, ρ0 = ρi,0 a.e. in Bi,0,

q0 ∈ L
2γf
γf +1 (Ω), q01ρ0=0 = 0 a.e. in Ω,

|q0|2

ρ0
1ρ0>0 ∈ L1(Ω),

u0= Vi,0 + ωi,0 × (x − xi,0) +
Λi,0

3
(x − xi,0) a.e. in Bi,0,

q0 = ρ0u0 a.e. in Bi,0.

Compatibility conditions

u ∈ L2(0,T ;H1(Ω)), ρ ∈ L∞(0,T ; Lγf (Ω))

ρ(t, x) = (Ri,0/Ri (t))
3ρi,0 for a.e. (t, x) ∈ Qi

Bi (t) = ηi [t](Bi,0) for all t ∈ [0,T ]

u(t, x) = (∂tηi [t])
(
(ηi [t])

−1(x)
)

for a.e. (t, x) ∈ Qi

ηi [t](y) = xi (t) +
Ri (t)

Ri,0
Oi (y − xi,0)
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Approximate solutions

Artificial pressure

pδ(ρ, χ) = (1 − χ)af ρ
γf + χabρ

γb + δρ
β
, β ≥ max{8, 2γf , 2γb}.

Regularized continuity equation

∂tρ + ∇ · (ρu) = ε∆ρ.

Penalized momentum equation

φ ∈ D((0,T ) × Ω), n

∫ T

0

∫
Ω

χ(u − Πu)(φ− Πφ) dx dt, ∂tχ + Πu · ∇χ = 0.

Faedo–Galerkin approximation

uN (t, x) =
N∑
i=1

αi (t)ψi (x), αi ∈ C([0,T ]), {ψi}i≥1 ⊂ L2(Ω) orthonormal.

Limit passage

N → ∞, n → ∞, ε → 0, δ → 0.
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Existence of the color function χ
Transport equation satisfied by χ

∂tχ+Πu · ∇χ inD′([0,T )× R3), χ|t=0 = 1B0 in Ω, B0 = B(x0,R0), R0 > 0

Definition of the projection operator

Πu(t, z) =
3

4πR(t)3

∫
Ω

χudy +
5

4πR(t)5

(∫
Ω

χ(y − x(t)) · udy
)
(z − x(t)),

R =

(
3

4π

∫
R3

χdy

) 1
3

, x =
3

4πR3

(∫
R3

χydy

)
.

Proposition

Let u ∈ C([0,T ],D(Ω)), if T satisfies

T∥u∥L∞(0,T ;L2(Ω)) ≤ g(R0)

then there exists a unique solution and

χ = 1B, B(t) = B(x(t),R(t)), R(t) ≥ R0/2 ∀t ∈ [0,T ].
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Limit for n → ∞
Energy inequality

Ẽδ(ρn, ρnun) +

∫ T

0

∫
Ω

(
2µn

∣∣∣∣D(un) − 1

3
(∇ · un)I3

∣∣∣∣2 + νn|∇ · un|2
)

dydτ

+ δε

∫ T

0

∫
Ω

(ρn)
β−2|∇ρn|2dydτ + n

∫ T

0

∫
Ω

χn|un − Πnun|2dydτ

≤ af

∫ T

0

∫
Ω

(1 − χn)ρ
γf
n ∇ · undydτ + ab

∫ t

0

∫
Ω

χnρ
γb
n ∇ · undydτ−∫ T

0

∫
Ω

ρng · undydτ +

∫ T

0

∫
Ω

χn
κb

Rn
∇ · undydτ + Ẽδ(ρ0, q0).

Convergences

Step 1: The energy estimates yield

▶ un → u weakly in L2(0,T ;H1(Ω)),

▶ χn (un − Πnun) → 0 strongly in L2((0,T )× Ω).

Step 2: Using the DiPerna–Lions theory for transport equations, we obtain

χn → 1B weakly-* in L∞((0,T )× R3), strongly in C([0,T ]; Lp(R3)).

Step 3: Combining these results, we deduce

1B(u − Πu) = 0 and u = Πu for a.e. (t, x) ∈ (0,T )× B(t).
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Convergence of the non-linear terms in the momentum
equation

Convective term:

∫ T

0

∫
Ω

(ρnun ⊗ un) : D(φ)dydτ forφ ∈ T (Q)

T (Q) =

φ ∈ D((0,T )× Ω) : φ = φb in V(Q)

φb = Vb + ωb × (x − xb) +
Λb

3
(x − xb)


Let φ ∈ T (Q) and σ ∈ R∗

+ such that

Bσ ⊂ V(Q)

φb B
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Convergence of the convective term
Decomposition of the convective term

∫ T

0

∫
Ω

(ρnun ⊗ un) : D(φ)dydτ −
∫ T

0

∫
Ω

(ρu ⊗ u)D(φ)dydτ =

M1 + M2 + M3 + M4 + M5

Algebraic decomposition

D(φ) = (1Ω − 1Bσ )D(φ) + 1Bσ D(φb),

1Bσ = (1Bσ − 1B) + (1B − χn) + χn,

un = (un − Πnun) + Πnun.

Remainder terms

M2(σ, n) =

∫ T

0

∫
Ω

(1Bσ − 1B)ρnun ⊗ un : D(φ) dy dτ

−
∫ T

0

∫
Ω

(1Bσ − 1B)ρu ⊗ u : D(φ) dy dτ,

M3(σ, n) =

∫ T

0

∫
Ω

(1B − χn)ρnun ⊗ un : D(φ) dy dτ,

M4(σ, n) =

∫ T

0

∫
Ω

χnρnun ⊗ (un − Πnun) : D(φ) dy dτ.

Key convergences

1Bσ − 1B
σ→0−−−→ 0 in C([0,T ]; Lp(Ω)),

1B − χn
n→∞−−−−→ 0 in C([0,T ]; Lp(Ω)),

χn(un − Πnun)
n→∞−−−−→ 0 in L2((0,T ) × Ω)
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Convergence of the convective term
Convergence of the term M5:

M5 =

∫ T

0

D(φb)

∫
Ω

χnρnun · Πnundydτ −
∫ T

0

D(φb)

∫
Ω

1Bρu · Πudydτ

We set

Πnun = Vn +ωn × (x − xn)+
Λn

3
(x − xn), Πu = V +ω× (x − xb)+

Λ

3
(x − xb)

with

Vn → V , ωn → ω, Λn → Λ weakly in L2(0,T ), xn → xb in C([0,T ]).

We introduce
Ṽn = (ρnun, χn)Ω, ω̃n = ((x − xn)× ρnun, χn)Ω, Λ̃n(t) = ((x − xn) · ρnun, χn)Ω,

Ṽb = (ρbub, 1B)Ω, ω̃ = ((x − xb)× ρu,1B)Ω, Λ̃(t) = ((x − xb) · ρu,1B)Ω.

such that

M5(σ, n) =

∫ T

0

div (φb)(Vn · Ṽn + ωn · ω̃n + ΛnΛ̃n − V · Ṽ − ω · ω̃ − ΛΛ̃)dτ.
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Convergence of the convective term
We focus on

Ṽn = (ρnun, χn)Ω.

The momentum equation yields

d

dt

(∫
Ω

(ρnun) · φ
)

=

∫
Ω

(ρnun ⊗ un) : D(φ) + pδ(ρn, χn)∇ · φdydτ

−
∫
Ω

2µn

(
D(un) −

1

3
(∇ · un)I3

)
:

(
D(φ) −

1

3
(∇ · φ)I3

)
−

∫
Ω

νn∇ · un∇ · φdy

− ε

∫
Ω

∇ρn · ∇un · φdy − n

∫
Ω

χn(un − Πnun)(φ− Πnφ)dydτ − ρng · φ +

∫
Ω

κb

Rn
∇ · φdy

χnei is not regular enough.

We build a regularization of χn

▶ χν
n ∈ C([0,T ],D(Ω)),

▶ χν
n

ν→0−−−→ χn in C([0,T ]; Lp(Ω)) uniformly in n

▶ χn(Πn(χ
ν
n ei )− χν

n ei ) = 0

Ṽ ν
n is uniformly continuous on [0,T ] uniformly in n.

Arzela-Ascoli theorem implies

Ṽ ν
ϕν(n)

→ Ṽ ν in C([0,T ]).

16 / 19



Convergence of the convective term

An argument of diagonal extraction then implies that, up to a
subsequence,

Ṽn → Ṽ , ω̃n → ω̃, Λ̃n → Λ̃ in L2(0,T ).

We conclude

∫ T

0

D(φb)

∫
Ω

χnρnun · Πnundydτ
n→∞−−−→

∫ T

0

D(φb)

∫
Ω

1Bρu · Πudydτ.

Let θ > 0, there exists (σ0, n0) ∈ (0,∞)×N such that for all 0 < σ ≤ σ0

and n ≥ n0,

|M2(σ, n)| ≤
θ

6
, |M3(σ, θ)| ≤

θ

6
, |M4(σ, θ)| ≤

θ

6
, |M5(σ, n)| ≤

θ

6
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Convergence of the convective term

Convergence of M1:

Using standard arguments, we have

ρnun ⊗ un
n→∞−−−→ ρu ⊗ u in L1(Qσ0

f )

where

Qσ0

f = (0,T )\Qσ0 , Qσ0 = {(t, x) ∈ (0,T )× Ω | x ∈ Bσ0(t)}.
so that we can choose n1 ∈ N such that for all n ≥ n1,

∣∣∣∣∫ T

0

∫
Ω

χnρnun ⊗ Πnun : D(φ)dydτ −
∫ T

0

∫
Ω

1Bρu ⊗ Πu : D(φ)dydτ
∣∣∣∣ ≤ θ

6

We conclude

∫ T

0

∫
Ω

ρnun ⊗ un : D(φ)dydτ n→∞−−−→
∫ T

0

∫
Ω

ρu ⊗ u : D(φ)dydτ.
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Current Research

Homogenization

▶ Homogenized
(averaged) models

▶ Asymptotic limit as the
number of bubbles
becomes large

Numerical Methods

▶ Finite volume method

▶ One-dimensional
staggered grid

▶ Tailored to fluid–bubble
flows

Homogenization: Micro → Macro

Microscale

homogenization

Macro

1D Staggered Mesh

cells

interfaces
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