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Introduction
Bubble effects on the surrounding fluid

» Resonant scattering of acoustic waves by gas bubbles
» Strong modification of sound speed and compressibility

» Nonlinear regimes: cavitation

Applications

» Medical ultrasonics
» Sonar and underwater acoustics

» Aerospace propulsion systems

Two-phase flow models
» Sharp-interface: explicit moving boundary
» Diffuse-interface: regularized transition layer
Goal: Analysis and simulation of compressible fluid—bubble flows.
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Derivation of the fluid—bubble system

Diphasic flow:

Bubble phases: (pi, uj, pi)i<i<m in Ui, Bi
Fluid phase: (pr, ur, pr) in Q\ U, B :=F

Viscous barotropic compressible Navier—Stokes system:

Mass conservation: 9:p; + V - (pju;) =0
Momentum balance: 0:(pju;) + V - (pju; @ uj) =V - T(uj, pj) — pig

Stress tensor: T(uj, pj) = 2u; (JD)(u,-) -3V u,-)]h) + (V- uj — pj)ls

Barotropic law: p; = pj(p;) = a;p;’

Constants:
Bl& B2f aj>0,fyj>%,uj>0,uj20
% Interface conditions on 95;:
(T(ur, pr) — T(ui, pi))n = Fin
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Derivation of the fluid-bubble system

Definition of the composite variables:

Ind. func.: 0:1r+ur-V1r =0, O0:lp +ui-Vig =0,

m m
Velocity/Density: u=1rur+ Z 1g,ui, p=1L1lrpr+ Z 15, pi

i=1 i=1

m
Presure law: p = p(p,{Bi}iZ1) = Lrarp}” + Z 1g,aip;"
i=1

m m
Visc. coeff.: = 1rur+ Z 1pi, v=1rvr + Z 1s,v;

i=1 i=1

The triplet (p, u, p) satisfies in Q:

{8tp+ V- (pu)=0
O(pu) +V - (pu u) =V - (T(u, p)) + Vi — pg
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Derivation of the fluid—bubble system

Energy equation

3te+V-(pu —(Z+/£]I3))+2,u’ID)(u) -3V u)H3’2+1/|V.u|2+(E.V)u = —pg

Internal energy

e=3plu>+ P(p,{15,}), P(p,{ls,}1) = lfaf

Yi

Taking formally i = oo, we obtain
D(w) = 1(V - u)ls,

The bubble velocity then satisfies

ui(x) = \/i+wi><(x_x;)+%(x—x;)+af <(x—x;)®(x—x;)—¥)

5/19



Derivation of the fluid—bubble system

Energy equation

(’%e—l—v-(pu —(Z+/£]I3))+2,u’ID)(u) -3V U)H3’2—|—IJ|V.U|2+(E-V)U = —pg

Internal energy

e=3plu>+ P(p,{15,}), P(p,{ls,}1) = Jlfaf

Yi

Taking formally i = oo, we obtain

D(u) = 5(V - u)s,.

Assuming further that B; = B(xi, R;), the bubble velocity then satisfies

ui(x) = Vi +wi x (x —x) + %(X — Xj). J
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Derivation of the fluid—bubble system

We construct w smooth vanishing on 0Q2 suchNthat
w(x) = Vi + @ x (x — x;) + %(x — X;) in B;.
Multiplying
Ot(pu) +V - (pu @ u) =V - (T(u, p)) + VE — pg

by w and integrating by parts, we derive the following ODEs for (V;,wi, \):

d
a(mivi): —/ T(Uf,pf)nds—/ pigdy,
OB, B;

i

d
— (Jiwi) = — (s — xi) x T(ur, pr)nds
de oB;

d 1 N '
E(K,/\,) ~3 (J,w, - wi + Ki|Ail ) = 5/{98f(s x;) - Tr(ur, pr)nds

A (Vi/\i —aip]" + %) | Bi]
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The fluid-bubble system
Fluid equations
Oepr + V- (prug) =0
Ot(prur) + V - (prur ® ur) = V - T(ur, pr) — prg
’]I‘(ur7 pf) = 2;1,,: (]D)(Uj) — %(V . Llj)]l3) aF (us s ufF — afp;w)]h

pr = prpr) = arp;”

Bubbles equations

i

d
(miV;) = —/ T(ur, pr)nds —/ pigdy,
oB B

i

1
—(KiNi) — (.]Lw, wi + Ki\/\i\2> === / (s — xi) - T¢(ur, pr)nds
o8,

+ (u,/\ —aip] + — )|B\

dt

d

— (Jiwi) = —/ (s — xi) x T(ur, pr)nds
dt oB;

d

dt

Interface conditions

Ai
ur = Vi + wi X (x—x,)+3(x—x,)on38
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Weak formulation of the fluid-bubble problem

Continuity equation

]
//pazw-i-(pu)-Vgodxdt:O Vi € D((0, T) x Q).
0 Q

Test functions
T(Q@) = { € D((0, T) x Q) : ¢ =i inV(Q), @i € D(O, T;5)}.
S= {apb c3AV,weR, AeER, wb(x) = V+w><x+%x}.
Momentum equation

For all ¢ € T(Q»),

.
/ /(pu)~8t<p+(pu®u):V<p+pV-<p
o Ja

//2,uD D()+vV - -uV- -9+ ik V-o—pg-¢
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Definition of the fluid-bubble problem
Initial conditions

po € L’Yf(Q), Lo > 0 a.e. in Q, £o = pio a.e. in B,‘yo,
2vf 2
Go € L771(Q), qolp—o =0 a.e. in Q, %lﬂpo € L),
0

i0

uo= Vio + wio X (x — xi0) + 3

(x — xi0) a.e. in Bjp,

do = polp a.e. in B,’}o.
Compatibility conditions
ue L?(0, T; H(Q)), p € L(0, T; L' (Q))
p(t,x) = (R,-,O/R,-(t))3p,-,o for a.e. (t,x) € Q;
Bi(t) = ni[t](Bio) for all t € [0, T]
u(t, x) = (8emi[t]) ((n,-[t])*l(x)) for a.e. (t,x) € Q;

Ri(z)@i(y — Xi0)

mly) = x(0) + T
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Approximate solutions
Artificial pressure

ps(p, x) = (1 — X)arp”" + xanp™ + 5p°, B > max{8, 2v¢, 27}

Regularized continuity equation

Oep+ V- (pu) = eAp.

Penalized momentum equation

-
@ € D((0, T) x Q), n//x(u—l'lu)(cp—l'lgp)dxdt, Oex +Mu-Vx =0.
0Ja

Faedo—Galerkin approximation

N
un(t, x) = Zai(t)d),-(x), a; € C([0,T]), {#iti>1 C LZ(Q) orthonormal.
i=1

Limit passage
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Existence of the color function
Transport equation satisfied by y

Otx + MNu- VXIn D/([O, T) X R?’), X|t=0 = ]lBo in Q, Bo = B(X(J7 Ro), Ro >0 J

Definition of the projection operator
Mu(t,2) = 4y [ xudy + 52 (= x(0) - wdy ) (2 = x(0)
82 = Ry Jo MY T anr(e)s \ S, Y i :

1
3 3 3
R=|(— = .
(47r /R3 Xdy) X 47 R3 </Ra Xydy)

Proposition

Let u € C([0, T], D(Q)), if T satisfies

T||ull L0, T:12(2)) < &(Ro)
then there exists a unique solution and
x = 1p, B(t) = B(x(t), R(t)), R(t) > Ry/2 Vte ][0, T].
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Limit for n — oo
Energy inequality

- T 1 2
Eé(pn,pnun)+/ / (2#,, D(ur) = 5(V - un)ls +yn|v.un|2> dydr
0 Q

T T
+5E/ / B_Z\Vpn|2dyd‘r+n/ /X,,|u,, — I'I,,u,,|2dyd'r
Q

t
<af/ /17X,,)p”fv u,,dyd‘rJrab/ /X,,pnbV updydT—

/ /png undydr+/ /xn—V undydT + E5(po, qo)-

Convergences
Step 1: The energy estimates yield
» u, — u weakly in L2(0, T; H*(Q)),
» X (tn — Maus) — 0 strongly in L2((0, T) x Q).

Step 2: Using the DiPerna—Lions theory for transport equations, we obtain

xn — 15 weakly-* in L=((0, T) x R?), strongly in C([0, T]; L°(R?)).
Step 3: Combining these results, we deduce

1g(u—Mu) =0and u=Mufor a.e. (t,x) € (0, T) x B(t).
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Limit for n — oo
Energy inequality

~ T r
Es5(pn, patin) +/ / (2/1,1
0 Q

T T
+5E/ /(pn)B_z\Vpn|2dydT+n/ /X,,|u,, — Myu,)?dydr
0 Q 0 Q

T t
< af/ /Q(l — Xn)p fV - updydr + ab/ /anpjbv - updydT—
0 0

1 2
D(un) — §(V cup)lz| 4 vV - u,,|2> dydr

T T Kb .
/ / png - updydT +/ / Xn—-V - updydT + E5(po; qo)-
o Ja o Ja o Rn
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Limit for n — oo
Energy inequality

- T
Es5(pn, patin) +/ / (2,u,.
0 Q

T T
+oe [1 [ 219playar+n [ [ alun = Noufdyar
0 Q Jo Q

T t
< af/ /Q(l — Xn)p fV - updydr + ab/ /anpjbv - updydT—
0 0

1 2
D(u,) — g(v cup)s| + |V u,,|2> dydr

T T Kb .
/ / png - updydT +/ / Xn—-V - updydT + E5(po; qo)-
o Ja o Ja o Rn
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Limit for n — oo
Energy inequality

- T
Es5(pn, patin) +/ / (2,u,.
0 Q

T T
+5E/ /(pn)B_z\Vpn|2dydT+n/ /X,,|u,, — Myu,)?dydr
0 Q 0 Q

T t
< af/ /9(1 — Xn)p fV - updydr + ab/ /anpjbv - updydT—
0 0

1 2
D(u,) — g(v cup)s| + |V u,,|2> dydr

T T Kb .
/ / png - updydT +/ / Xn—-V - updydT + E5(po; qo)-
o Ja o Ja o Rn
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Step 2: Using the DiPerna—Lions theory for transport equations, we obtain

xn — 15 weakly-* in L=((0, T) x R?), strongly in C([0, T]; L°(R?)).
Step 3: Combining these results, we deduce

1s(u—Mu) =0and u=Mufor a.e. (t,x) € (0, T) x B(t).
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Convergence of the non-linear terms in the momentum
equation

-
Convective term: / /(p,,u,, ® up) : D(p)dydrforp € T(Q)
o Jo

T(Q) =
(@ b= Vb + wp X (X_Xb)"‘&(x—xb)

{apED((O,T)xQ) : o =pin V(Q) }
3

Let ¢ € T(Q) and ¢ € R such that

B CV(Q)

Pb,
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Convergence of the convective term

Decomposition of the convective term

/ /(Pnun ® up) : D(p)dydT — / /(pu ® u)D(p)dydr =

My + My + M3 + My + Ms

Algebraic decomposition Remainder terrTns
D(p) = (Lo — 157) D(¢) + 1go D(¢s),  My(o, n) = / / (Lo — 15)pntn ® up : D) dy dr
0 Ja

g
- / / (Lge — 1g)pu ® u: D(p)dydrT,
o Ja
— — J— v T
lgo = (130 16) + (13 X") + X, M3(0', n) = / / (]18 - Xn)Pnun @ up : D(@) dy dr,
o Ja
up = (uy — Myu,) + Mpup. .
My (o, n) = / / XnpPntn @ (1, — T,u,) : D(p) dy d.
0 Ja
Key convergences

o—0

1o — 1 2=% 0in C([0, T]; LP(2)),
15 — xn 2222 0in C([0, T]; LP(2)),

Xn(tn — Mpup) 22225 0'in L2((0, T) X Q)
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Convergence of the convective term

Convergence of the term Ms:

T T
Ms :/ ]D)(gob)/x,,p,,u,, -Myu,dydr f/ ]D)(Lpb)/ 1gpu - Mudydr J
0 Q 0 Q

We set

Moup = Vo4 wn X (x — xn) + %(x—x,,)7 Mu=V+4+wx(x—x)+ %(x—xb)
with
Vo =V, wp — w, Ay = Aweakly in L2(0, T), x, = x5 in C([0, T]).

We introduce .
Vio = (patin, Xn)a, @n = ((X = Xn) X patin, Xn)a, Aa(t) = ((X = Xa) - patin, Xn)a,

Vi, = (ppupb, 1B)a, & = ((x — xb) X pu,1B)a, 7\(1‘) = ((x — x») - pu, 18)q.

such that

;
Ms(a,n):/ div (06) (Vi - Vi +wn - @n + Aoy — V- V —w - & — AA)dT.
0
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Convergence of the convective term
We focus on

\7n - (anan)Q-
The momentum equation yields

d
= /pnun) @ /(pnun®un :D(p) + ps(pns xn)V - pdydT

—/ﬁm( (un) — g(vun)us) : (D(so)— E(V'sﬂ)ﬂs) = [on¥w - oay

Kb
—¢€ | Vpn-Vup - pdy — n/ Xn(tn — Maun)( — Map)dydr — pag - @ + / = V- pdy
Q Q a Rn

Xn€ is not regular enough.
We build a regularization of x,
> e (o, TLD(R),
> 2% x,in C([o, T]; LP(€2)) uniformly in n
> xa(Ma(xne) — xne) =0
V¥ is uniformly continuous on [0, T] uniformly in n.

Arzela-Ascoli theorem implies
V(;V(n) — VV in C([O, T])
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Convergence of the convective term

An argument of diagonal extraction then implies that, up to a
subsequence,

Vo=V, @y — &, A, — Ain L2(0, T). J

We conclude

T T
/ D((pb)/ XnpPntp - Npupdydr H—°°>/ D(wb)/ 1gpu - Mudydr.
0 Q 0 Q

Let 6 > 0, there exists (o9, np) € (0,00) x N such that for all 0 < 0 < o9
and n > ng,

‘M2(0'7 n)‘ <z |M3(079)| <z ‘M4(U79)| < ’|M5(U7 n)' <

[N IS~
[© XIS
[o2 IS
| D
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Convergence of the convective term

Convergence of M;:

Using standard arguments, we have
Pnlin ® Un —225 pu @ u in Ll(Q °) J
where

Q7° = (0, T)\Q7%, Q% ={(t,x) € (0,T)x Q| x € Bo(t)}.

so that we can choose n; € N such that for all n > ny,

X,,p,,u,, ® Myup - D(p)dydr — / / 1gpu® MNu: D(p)dydr| < g

We conclude

T
/ /p,,u,,@u,,: D(y dydTH—OC>/ /pu®u D(yp)dydr.
0o Ja
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Current Research

Homogenization

» Homogenized
(averaged) models

» Asymptotic limit as the
number of bubbles
becomes large

Numerical Methods
» Finite volume method
» One-dimensional
staggered grid
» Tailored to fluid—bubble
flows

Homogenization: Micro — Macro

Microscale Macro

" homogenizatign

1D Staggered Mesh
cells

-

-

o .
i+ +

-
-

interfaces
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