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What is the BRR theorem about

@ Very often, solving a nonlinear PDE may be rephrased as finding an element
Z € X such that F(Z) = 0 where F': X — Y and X, Y are function spaces.

@ Similarly, solving a (conformal) numerical scheme for the PDE amounts to
finding Z, € X such that F},(Z},) = 0, where F},: X — Y encodes the
scheme and i > 0 describes the precision of the discretization.

@ The Brezzi-Rappaz-Raviart theorem (BRR) roughly states that if

> there exists T € X such that F(z) = 0;
» the numerical scheme is consistent;
> the linearization of the PDE enjoys some stability properties;

then there exist solutions z;, € X to Fj,(z),) = 0 for all A > 0 small enough
and the error ||Z — Zy,|| i is proportional to the consistency error.
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The Brezzi-Rappaz-Raviart approximation theorem

Theorem (Brezzi-Rappaz-Raviart 1980)

Let X andY be Banach spaces, let F: X — Y be continuous and let & € X be such that F(Z) = 0. For
everyh > 0, let Fy,: X — Y be continuous and assume that

o F,(z) =% o;

@ F and Fy, are Fréchet differentiable at T, with
li dF[x] — dFp[Z =0,
hlglo ||dF[z] h[m]”g(x,y)
and there exists c: Ry — R, nondecreasing with c(0%) = 0, such that, for all x, ©' € Bx (Z,r)
andr > 0, we have

HF(x) — F(2') — dF[z](x — x/)”Y <c(r) Hx — :L‘/HX ,
| Fr(z) — Fr(a') — dFplz](z — 2")||y < c(r) [z —a'|| 5

@ dF[z] is an isomorphism.

Then there exists a neighborhood O of T such that, for h small enough, there exists a unique Tp, € O such
that Fy, (T, ) = 0 and we have the error estimate

|z — "z'th <2 H“J’F[ﬂ71||c({x) HFh(-'E)“Y
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Sketch of proof.

@ Since dF'[Z] is an isomorphism and dFy, [Z] 120, dF[z], dF},[Z] is also an

isomorphism for h small enough.

@ From the inverse function theorem there exist neighborhoods U and V' of =
and Fy(z ) such that Fh is bijective from U to V' and
Lipy (F <2 HdF 1Hz:(Y,X)‘

@ Using consistency we have 0 € V for h small enough and then

2~ 2allx = 1 (Fu@) — By ) < 2 [F | oy, 150 @)y

O

@ Main ingredients:

» local invertibility of F}, on a neighborhood of F,(Z), uniformly in h;
» uniform bound on Lip (Fh_l)
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Example: Viscous Hamilton-Jacobi equations

@ Consider the equation

{ ~Au(z) + H(Du(x)) + Mu(z) = f(z)  inQ,
u(r) =0 on 0f).

where Q is a bounded convex domain, H: R — R is C'! and Lipschitz
continuous, A > 0 and f € L?(Q).

(H))

@ Solving (HJ) (in the weak sense) is equivalent to finding % € H(£2) such that
F(a) = 0,where F = I+ T o G with

G: Hy(Q) > u~ H(Du) — f € L*(Q)

and T': L3(Q) > g — T(g) € HL(Q) is the solution operator associated to

{ (@) + Mo(z) = g(z)  inQ
v(z) =0

on 0f2. M
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@ The (strict) differential at @ is given by dF[a] = I + T o dGJu], where
dGlu](v) = Hp(Du) - Dv.

@ The invertibility of dF[d] is equivalent to the well-posedness of the linearized
problem

{ ~Av(z) + Hy(Di(x)) - Dv(x) + () = g(z)  in €,
v(xz) =0 on 99,
forall g € L*(Q).

@ We look for P*-Lagrange finite element approximations to (H)), i.e., solutions
uy, € HY(Q) to Fy,(up) = 0 where Fj, = I + Tj, o G and T}, is the
P!-Lagrange finite element approximation of 7.

@ Consistency:
(@ = [0 (@) = E@)l g2 < T = Tall g2, 60) |G (@)l 12 = O(R).

@ Therefore, the BRR theorem applies and there exist solutions @, € X to
Fp(uy) = 0and
lian — @l ;2 = O(h).
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Metric regularity

o If H is a general Lipschitz continuous Hamiltonian, we do not expect the
differentiability of the mapping F' and we cannot apply the standard BRR

theorem.

@ We therefore need to generalize the BRR theorem. We rely on the notion of
metrically regular mappings (developed in the context of variational analysis).

Definition

A continuous mapping F': X — Y is strongly metrically regular at z € X if there
exist neighborhoods U and V of Z and F'(Z), respectively, and K > 0 such that F
is bijective from U/ to V and

IF ) = F @)y S Klly—'lly forally, ' € V. )

@ In order to generalize the BRR theorem, we need to ensure that F}, is
uniformly strongly metrically regular for h small enough.

Jules Berry (L2S - Université Paris-Saclay) A Nonsmooth BRR theorem June 1, 2026 7/16



Examples

I I I
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

(a) max{x, 4z} (b) max{0, 4z} (©) zle_(z) + 2°1r, (2)

@ The function f : z — max{x, 4z} is strongly metrically regular near 0 with
Lip(f~') = §.

@ The function f : z — max{0, 4z} is not strongly metrically regular near 0
because it is not locally surjective near 0.

@ The function f :  +— zlg_ () + 2?1g, () is not strongly metrically regular

near 0 because f~*(y) = ylr_(y) + v/|y|1r, (v) is not Lipschitz continuous
at 0.
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Milyutin’s perturbation theorem

Theorem (Milyutin)
Let

@ F': X — Y be continuous and strongly metrically regular near z, i.e., R > 0
such that F is bijective from Bx (Z, R) to By (F(Z), R) and
K = LipB(F(i),R) < +00;

@ g: X — Y be Lipschitz continuous on B(Z, R) with
= Lipp, (z ry(9) < min{K~', R}.

Then F + g is bijective from Bx (Z, R — ) to By ((F + ¢)(Z), R/2) and

Lipg, ((Frg)(@),r/2)(F +9) < 1-Kp

In other words, F' + g is also strongly metrically regular near T

Writing F}, = F + (F}, — F), if we have a small uniform bound on Lip (F}, — F),
we obtain the uniform invertibility of F}, with a uniform bound on Lip (F,:l).
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Generalized BRR theorem

Theorem (Generalized BRR, B.-Ley-Silva 2025)
Let F, Fy,: X — Y be continuous, and z € X. Assume that

_ h
o [|Fu(@)]ly = 0;

o [ is strongly metrically regular atz € X;

@ there exist R > 0 and L: R* — R, increasing and such that
limy,_,0 L(h) = 0, such that the mapping ®;, := F), — F satisfies

[®n(2) — @r(y)lly < L(h) lz —yllx forallz,y € Bx(z, R).

Then there exists hy > 0 and a neighborhood O of & such that, for all0 < h < hy,
there exists a unique Ty, € O such that Fy,(xy) = 0 and we have the estimate

1Z = Znllx < ClF(@)y -
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Clarke’s inverse function theorem

@ For a locally Lipschitzian function F': R® — R", Rademarcher’s theorem
states that there exists a negligible set N' C R™ such that F is differentiable
on D :=R"\ N.

@ Clarke’s generalized Jacobian at £ € R" is then defined by

8CF(j') ‘= co {A ER™™: A= klim JF(xy), x ]H—OO> T, T € D}
c— 00

Theorem (Clarke’s inverse function theorem, 1976)

Let F': R™ — R™ be locally Lipschitzian and & € R". Assume that each
A € 3°F () is invertible. Then F is strongly metrically regular near Z.

Jules Berry (L2S - Université Paris-Saclay) A Nonsmooth BRR theorem June 1, 2026 11/16



Infinite dimensional version

Theorem (Cibulka-Fabian-loffe, 2015)

Let X andY be reflexive Banach spaces and let ¥ € X. Let further F': X —'Y be
continuous and let A be a bounded convex subset of L(X,Y’) such that

@ forevery e > 0 there is 0 > 0 such that, for any z,x’ € Bx (Z,J), there exists
A € A such that

I1F(2") — Fz) - A’ — )]y <ela’ —zlx,

@ each A € A is an isomorphism and there is k > 0 such that
—il =il
|4 ||L(Y,X) S KT

Then F is strongly metrically regular near Z.

In the case of the Hamilton-Jacobi equation we choose

L _ where B(v) = b(x) - Dv(z)
Alu] = {I +ToB: for all b: @ — R? measurable selection in 9 H(Du(-))
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Back to the Viscous Hamilton-Jacobi equation

@ We come back to the equation

—Au(x) + H(Du(z)) + Au(z) = f(z) in Q,
{ (x)=0 on 09, (H))

and we only assume that H is merely Lipschitz continuous.

@ The metric regularity condition amounts to verifying that the linear equation

{ —Av(z) + b(z) - Dv(x) + Mv(z) = g(x) in Q,
v(x) =0 on 0f)

is well-posed for every measurable selection b in 9 H(Du(+)) and g € L*(Q)
(which is true!).

@ Therefore, the generalized BRR theorem applies and there exist solutions
ap € X to Fy(up) = 0and

|n — @l = O(h).
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Other applications

@ The nonsmooth BRR theorem can also be used in the context of second order
mean field games such as

{ —Au+ H(z, Du) + du = f(x,m) in T¢, @

—Am — div(mHp(z, Du)) + Am = Amy in T4,
where H is an Hamiltonian of class C'*1.

@ We obtained the following quasi-optimal error estimate for Lagrange finite
element approximations (up, mp,) to (2):

uU—1 +|m —m <K inf u—v
= gt =l <K (it o

i+l =l ).

@ It is also possible to consider time-dependent analogues to (2) and obtain
error estimates for semi-discrete in space approximations.
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Thank you for your attention !
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