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Motivation : Heterogeneous materials

(a) Fe-Ag alloy
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Homogenization

Effective conductivity :

(CVU)g = Cett (VU)q
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Problem setting

o Conductivities : C1,...,C, >0

p
Ci=)  Cily,
k=1

o Prescribed mean : £

V- (C(Vu+2)=0 in Q
<U>Q =
U is Q)-periodic
0, u is 0Q-antiperiodic.
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Weak formulation

o Itis:

(Au, v) ::/CVU-VUd)\I/Ce-Vvd)\:: (b, v)
Q Q

o Reference medium Cj :

(Agu, v) ::/ CoVu - VodA
Q

o We have :

Ao (I+ 45" (A~ Ag)) =
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Lippmann-Schwinger formulation : volumic approach

o Ag : Preconditioner
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Lippmann-Schwinger formulation : volumic approach

o Agp : Preconditioner

o Define :
S = —Aal (A—A4p) and by := Aalb,
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Lippmann-Schwinger formulation : volumic approach

o Agp : Preconditioner

o Define :
Si=—Ay (A—Ay) and by:= Ay'h,

Proposition (e.g. Bellis, Moulinec 2025)

u solves
(I — S) U = bo.
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Lippmann-Schwinger formulation : volumic approach

o Agp : Preconditioner

o Define :
S = A" (A~ 4p) and

Proposition (e.g. Bellis, Moulinec 2025)

u solves
(I — S) U = bo.

Co may be chosen such that || S|| < 1.

bo == Ay D,
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Objective

Problem
Obtain a spectral decomposition formula
+
o = (b07 ¢k)ﬂ
U = 1_\ d)ka
k=0 k

(A, &) : eigenpairs of S.

o Cef : Expression and bounds [Bergman 1978, Golden,
Papanicolaou 1983...]

o Dissociate conductivity and geometry

o Iterative algorithms [Gergelits et al., 2022]

However § self-adjoint but not compact...
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Numerical results : Lippmann-Schwinger

(a) Non-spurious (b) Non-spurious
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.

a) Non-spurious (b) Non-spurious

¢) Spurioux d) Spurioux
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o If Au =0, by the Green Formula

u(z) = / [AGo (z—y)u(y) — Go(z —y) Au(y)] dA(y)

- / (0., Go(z = p)uly) = Go (v = 1) 9 u(w)] dor (9)
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Representation formula

o Take z € w

o Denote the fundamental solution :
AGO (SC — ) = 51

o If Au =0, by the Green Formula

u(z) = / [AGo (z—y)u(y) — Go(z —y) Au(y)] dA(y)

- / [0, Golx — w)u(v) ~ Co (= — 1) 97 (3)] do (v)
= Zu— S0, u.

o Double and single layer potentials : boundary integral operators
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o Harmonic :

o Jump :

Anthony Gerber-Roth
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a:[yv‘J*agyvq: q
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Properties

o Harmonic :

ASqg=AD,p=0 in w,

o Jump :

('9:[5@(]—8;5@(]: q
Tr+_@7p—Tr_@,yp: .

o Problems of Dirichlet, Neumann, transmission... (see e.g.

Rjasanow, Steinbach 2007 or McLean 2000)
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The periodic fundamental solution
o Definition :

. 1 1 2imT-
Gol0)i=—gm D, 1@
£ez\{0}
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The periodic fundamental solution
o Definition :

a fGZd\{O} |§|

o Remark :

AGy= ) d.-1,

2€74
o Define :

Fa~4(z) :z/ Gy(7 — y)q(y) do(y).

yey
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The periodic fundamental solution
o Definition :

a fGZd\{O} |§|

o Remark :
AGy = Z 5, —1,
2€74
o Define :
Frotle) = [ Grla =l do(w)
yeY
o Handle periodic conditions!
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Reformulation

Taking u(z) := u(z) + € - © one proves :

— Transmission problem — Boundary integral operators
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( Au=0 in Q\~y
Ci (0, u+e-n)=C,(0fu+e-n) in
(u)g =0
U is Q-periodic
O, u is 0Q-antiperiodic.
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Boundary integral equation

( Au=20
Ci (0, u+e-n)=C,(0fu+e-n)
<U>Q =0
U
O, u
Then,
u = y#,’y%
solves

(Ci0y Fay — Cp0it Fa) 4 = —2 -
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is Q)-periodic

is dQ2-antiperiodic.

on ;.
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Boundary integral equation

Reduces to :
(K;—D)q:—g-n on y
<q7 1>’y - O?
where
. Cl + Op Cpfl + Cp )
D = dia, e .
g(2(01_0p) Q(Op—l_cp)
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Two phases
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Boundary integral equation

Reduces to :

Cr+ Gy
K ——  —= 7T =
< To2(0 - Gy) )q

(q, 1>7 =0.
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Boundary integral equation

Reduces to :

/ = _
(KV—CI)(]:—&n on y

(q, 1>7 =0.

1

_1 _1
Now, K : Hy *(y) — Hy *(7) is compact and self-adjoint !

=X E-ner)
%

Ziﬂvek
C — p
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Numerical results
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Numerical results
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Numerical results

(a) Inverting the boundary equation
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(b) Using the modal decomposition
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Implementation

o Nystrom method
o Julia : Inti.jl

o Execution time : few seconds
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Summary

@ Comparison between the volume and layer approaches
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Link between the approaches

0.0 05 1.0

(b)

(a) Boundary operators Lippmann-Schwinger
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Link between the approaches

rro2

0.1

v24

0.0

0.0 05 1.0

(b)

(a) Boundary operators Lippmann-Schwinger

Proposition
(X, @) : eigenpair of the Lippmann-Schwinger operator S, two cases :
@ ¢ is constant in w;, arbitrary in wj, j £ i —
dim (Ker (S — A\I)) =+ o0
@ Jpk; A= apr + b and ¢ € Vect (e, ..., ex,) = Ker (K*/y — ,ukI)
(dim < 400)
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Comparison

Boundary operators

o Filter mods
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Comparison

Boundary operators Lippmann-Schwinger operator
o Filter mods o Spurious mods
o Executed in few seconds o Executed in hours
o Smooth borders o Corners allowed
o Compact operator (and o Self-adjoint operator

self-adjoint when p = 2)
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Perspectives

o Iterative methods (in the way of Moulinec, Suquet 1994)
op>2

o Linear elasticity
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