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Some fracture examples. Copyright: Géosciences Rennes.

Present at different scales, from um to km. In this work: from 10 cm to 100 m.
May be conductive pathways for the flow or barriers. In this work: conductive.

Key role in industrial applications : oil and gas extraction, CO, sequestration in the subsurface,
geothermal energy production, underground nuclear waste storage, water extraction, etc.
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Modeling underground fractured media O CNRS

Fractures = two-dimensional flat surfaces (e.g. polygons or
disks) immersed in a three-dimensional space.

P. Davy, R. Le Gogc, C. Darcel, O. Bour, J.-R. de
Dreuzy, R. Munier. Journal of Geophysical
Research: Solid Earth. 2010.

J.-R. de Dreuzy, G. Pichot, B. Poirriez, J. Erhel.
Computers and Geosciences. 2012.
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Part 1:
Mathematical modeling of single-phase flow

M. Kern, G. Pichot and D. Zegarra Vasquez. Mathematical and numerical analysis of the mixed formulation
of single phase flow in three-dimensional fractured porous media. Pre-print hal-05029638. 2025.
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Reduced model for flow in DFM

F F .
Vr - up = fr in vy, Conservation of mass
[ F F . ’
Uy = _}CEVTPE in v, Darcy’s law
Fractures —
F_F F,D D
Y Pr = 'y on X ]
F F N N
_ Yoy = q, on X, .

M. Vohralik, J. Maryska, O. Severyn. Applied Numerical
Mathematics. An IMACS Journal. 2007.
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r + other conditions:
Reduced model for flow in DFM # continuity of the hydraulic head at fracture-
B F F .
Vir-uy = fe in g, i
Conservation of mass F,o, [ _ o [ 2
F F F . D s | ‘Y'pflg_’yfpkgfor(gﬂk)ezgn
wp = —KyVp} in 7, | Darey’s law
Fractures — [ £ ED D + outgoing flow from a fracture has to be
Y Py = gg’ on X , equal to its neighbors incoming flow
F_.F F,N N
_ Ynly =g, on 2y . Z ‘}/Efug = 0, for each o C X.

X/

+* null flux at immersed fracture “tips”.

M. Vohralik, J. Maryska, O. Severyn. Applied Numerical
Mathematics. An IMACS Journal. 2007.
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+ null flux at immersed fracture “tips”.
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— ‘ m __ pmn
V ul‘l - fﬂf 1 Weys Conservation of mass
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Rock matrix ™ m..m m.D D
Y Po =90 only,
m. .m __ mJ N
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F [ N N

_ Yoy = q, on X E ”}/[F“[F—U,foreachJCZ.

el
m N, m u*n m . .
H“LL ” e — Yn' + + Y u’af— Coupling (jump of flux) % null flux at immersed fracture “tips”.
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MHFE, unknowns and linear system

Mixed-hybrid unknowns :
- Velocity (flux) : Raviart-Thomas-Nédélec lowest order ;

- Hydraulic head : piecewise constant functions ;
- Trace of hydraulic head : Lagrange multiplier, piecewise constant
functions on the interior faces and all the edges.
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Hydraulic head : piecewise constant functions ;

Trace of hydraulic head : Lagrange multiplier, piecewise constant
functions on the interior faces and all the edges.

H. Hoteit, A. Firoozabadi. Advances in Water Resources. 2008.

Rock matrix unknowns
Fracture unknowns

@® Mean hydraulic head (fracture network)

@ Mean hydraulic head (rock matrix)

) Trace of hydraulic head and fluxes (fracture network)
) Trace of hydraulic head and fluxes (rock matrix)
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Fracture unknowns

@® Mean hydraulic head (fracture network)

@ Mean hydraulic head (rock matrix)

) Trace of hydraulic head and fluxes (fracture network)
) Trace of hydraulic head and fluxes (rock matrix)
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Mixed-hybrid unknowns :

- Velocity (flux) : Raviart-Thomas-Nédélec lowest order ;

- Hydraulic head : piecewise constant functions ;

- Trace of hydraulic head : Lagrange multiplier, piecewise constant
functions on the interior faces and all the edges.

Fluxes are eliminated locally. .
0 0 om _ mm _
Continuous hydraulic head model : )\T?F — A p = PK.

Schur complement (static condensation) 2 " is eliminated.

A A 0\ /A" T 4 YT
(Acm,[F)T ALE + Dt _RE Pt = r?ﬂu‘n,[f' + ymf + Ft
0 —(RHT Mt )\ Af vt

Square, sparse, symmetric and positive definite linear system.

H. Hoteit, A. Firoozabadi. Advances in Water Resources. 2008.

Rock matrix unknowns
Fracture unknowns

@® Mean hydraulic head (fracture network)

@ Mean hydraulic head (rock matrix)

) Trace of hydraulic head and fluxes (fracture network)
) Trace of hydraulic head and fluxes (rock matrix)
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MHFE, unknowns and linear system

Mixed-hybrid unknowns :

- Velocity (flux) : Raviart-Thomas-Nédélec lowest order ;

- Hydraulic head : piecewise constant functions ;

- Trace of hydraulic head : Lagrange multiplier, piecewise constant
functions on the interior faces and all the edges.

Fluxes are eliminated locally. .
0 0 om _ mm _
Continuous hydraulic head model : )\T,F — A p = PK.

Schur complement (static condensation) 2 " is eliminated.

A" T4 Y
P'|=| gt ymE L 7t
A.ﬂ: nj/[F

Square, sparse, symmetric and positive definite linear system.

Post-processing:
« P"™ and fluxes are recovered on each tetrahedra and triangle.

* Velocity computed using fluxes and mixed FE basis functions.

H. Hoteit, A. Firoozabadi. Advances in Water Resources. 2008.

Rock matrix unknowns
Fracture unknowns

@® Mean hydraulic head (fracture network)

@ Mean hydraulic head (rock matrix)

) Trace of hydraulic head and fluxes (fracture network)
) Trace of hydraulic head and fluxes (rock matrix)
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Part 2 :
Simulation framework

M. Kern, G. Pichot and D. Zegarra Vasquez. Performance of algebraic preconditioners for large-scale simulations
of single-phase flow in three-dimensional fractured porous media. Pre-print hal-05029652. 2025.
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Part 2: simulation framework

r

Networks with a large number of fractures
with a heterogeneous hydraulic conductivity / transmissivity ratio
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Part 2: simulation framework LabCom fractory:
WlItasca Consultants (France)
|- . L Géosciences Rennes
Networks with a large number of fractures QICNRS
with a heterogeneous hydraulic conductivity / transmissivity ratio
Fractures = disks. P. Davy, R. Le Goc, C. Darcel, O. Bour, J.-R. P. Davy, R. Le Goc, and C.
de Dreuzy, R. Munier. Journal of Darcel. Journal of Geophysical
e.g.. L20 is a cube of side 20 m. Geophysical Research: Solid Earth. 2010. Research: Solid Earth. 2013.
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Part 2: simulation framework LabCom fractory:
WlItasca Consultants (France)
|- . L Géosciences Rennes
Networks with a large number of fractures QICNRS
with a heterogeneous hydraulic conductivity / transmissivity ratio
Fractures = disks. P. Davy, R. Le Goc, C. Darcel, O. Bour, J.-R. P. Davy, R. Le Goc, and C.
de Dreuzy, R. Munier. Journal of Darcel. Journal of Geophysical
e.g.. L20 is a cube of side 20 m. Geophysical Research: Solid Earth. 2010. Research: Solid Earth. 2013.

Geometry # frac.

narme
L20-FPM 2k
L50-FPM 23k
L60-FPM, 40k
L80-FPM 90k

[L100-FPM] 174k
[L130-FPM] 377k .,
[L160-FPM] 697k -
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Part 2: simulation framework LabCom fractory:
WlItasca Consultants (France)
|- . L Géosciences Rennes
Networks with a large number of fractures QICNRS
with a heterogeneous hydraulic conductivity / transmissivity ratio
Fractures = disks. P. Davy, R. Le Goc, C. Darcel, O. Bour, J.-R. P. Davy, R. Le Goc, and C.
de Dreuzy, R. Munier. Journal of Darcel. Journal of Geophysical
e.g.. L20 is a cube of side 20 m. Geophysical Research: Solid Earth. 2010. Research: Solid Earth. 2013.

Geometry # frac.

narme
L20-FPM 2k
L50-FPM 23k
L60-FPM, 40k
L80-FPM 90k

[L100-FPM] 174k
[L130-FPM] 377k \, R
[L160-FPM] 697k 1.20 L50

L60

e “1v100”. Rock matrix: K = 1 m/s. Fracture network: K = 100 m?/s (the same for all fractures).

* “heter”. Rock matrix: K™ = 108 m/s. Fracture network: K’ takes one value per fracture in the range
[10°®, 20] m?/s (data from LabCom fractory).
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Part 2: simulation framework

r

Mesh generation with dedicated software
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Part 2: simulation framework

r

Mesh generation with dedicated software

2D main challenge. Small angles, up to millions of fractures.

zoom

zoom
\ 4
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Part 2: simulation framework

r

Mesh generation with dedicated software

2D main challenge. Small angles, up to millions of fractures.

P. Laug, G. Pichot. MASCOT
IMACS Series in <]
Computational and Applied
Mathematics, Vol. 22. 2018.

zoom

zoom
v
\
H. Borouchaki, P. Laug, P.L. |
George. International Journal
for Numerical Methods in MODFRAC

Engineering. 2000. .
Inria Gamma, Serena & UTT.

Parallel unstructured surface mesh generator
with a user input minimum quality.
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Part 2: simulation framework
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Mesh generation with dedicated software

2D main challenge. Small angles, up to millions of fractures. 3D main challenge. Use the triangular mesh generated by
MODFRAC as an input to generate the tetrahedral mesh.
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IMACS Series in <]

Computational and Applied
zoom j>
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zoom
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Part 2: simulation framework

r P.-L. George, H. Borouchaki,
Mesh generation with dedicated software Lou, L Marbchal (S7E
Group. 2018.
2D main challenge. Small angles, up to millions of fractures. 3D main challenge. Use the triangular mesh generated by

MODFRAC as an input to generate the tetrahedral mesh.

P. Laug, G. Pichot. MASCOT
IMACS Series in <]

Computational and Applied
zoom j>

Mathematics, Vol. 22. 2018.

zoom ¥
\
H. Borouchaki, P. Laug, P.L. |
George. International Journal
for Numerical Methods in
Engineering. 2000. . MODFRAC GHS3D
Inria Gamma, Serena & UTT. Inria Gamma

Parallel unstructured surface mesh generator

) _ . , Unstructured volume mesh generator.
with a user input minimum quality.
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2D main challenge. Small angles, up to millions of fractures. 3D main challenge. Use the triangular mesh generated by

MODFRAC as an input to generate the tetrahedral mesh.

P. Laug, G. Pichot. MASCOT
IMACS Series in <]

Computational and Applied
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George. International Journal

for Numerical Methods in
Engineering. 2000. . MODFRAC GHS3D
Inria Gamma, Serena & UTT.
Parallel unstructured surface mesh generator
with a user input minimum quality.

Inria Gamma.
Unstructured volume mesh generator.
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Part 2: simulation framework

I-nef—flow—fpm: an MHFE MATLAB code - workflow
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Part 2: simulation framework

I-nef—flow—f]pm: an MHFE MATLAB code - workflow

DFN geometry file [ DFN.lab J -[ LabCom Fractory (Open Source)

Data input for mai
MATLAB code
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MATLAB code
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I-nef—flow—f]pm: an MHFE MATLAB code - workflow

DFN geometry file [ DFN.lab J -[ LabCom Fractory (Open Source)

2D DFN w generator [ MODFRAC |q Inria GAMMA, SERENA & UTT

3D mesh generator ( GHS3D J{ Inria GAMMA

Permeability - transmissivity file ([ DFNIab |

Data input for mai
MATLAB code
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Part 2: simulation framework

I-nef -flow-£fpm: an MHFE MATLAB code - workflow

[ DFN.lab ] -[ LabCom Fractory (Open Source)
[ MODFRAC )q{ Inria GAMMA, SERENA & UTT
[ GHS3D  J{ Inria GAMMA

 Permeability - transmissivityfle  DPXAab

Data input for mai
MATLAB code
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Part 2: simulation framework

r

nef-flow-£fpm: an MHFE MATLAB code - workflow

[ DFN.lab ] -[ LabCom Fractory (Open Source)
[ MODFRAC )q{ Inria GAMMA, SERENA & UTT
[ GHS3D  J{ Inria GAMMA

 Permeability - transmissivityfle  DPXAab

Data input for mai
MATLAB code

nef-flow-fpm |{ 1nria SERENA
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Part 2: simulation framework

r

Data input for mai
MATLAB code

DFN.lab ] -[ LabCom Fractory (Open Source)
MODFRAC ]9 Inria GAMMA, SERENA & UTT
GHS3D  |q Inria GAMMA
DFN.lab |

Compute MHFEM elementary matrices

nef-flow-fpm |{ 1nria SERENA

nef-flow-£fpm: an MHFE MATLAB code - workflow

For both 2D DFN and 3D rock
matrix (almost) separately

Vectorized steps
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Data input for mai
MATLAB code

DFN.lab ] -[ LabCom Fractory (Open Source)
MODFRAC ]9 Inria GAMMA, SERENA & UTT
GHS3D  |q Inria GAMMA
DFN.lab |

Compute MHFEM elementary matrices
Generic assembly (global matrices)

nef-flow-fpm |{ 1nria SERENA

nef-flow-£fpm: an MHFE MATLAB code - workflow

For both 2D DFN and 3D rock
matrix (almost) separately

Vectorized steps

CANUM 2026

The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ

lrrzia—

13/24



Part 2: simulation framework

r

nef-flow-£fpm: an MHFE MATLAB code - workflow

CANUM 2026

[ DFN.lab ] -[ LabCom Fractory (Open Source)
[ MODFRAC )q{ Inria GAMMA, SERENA & UTT
[ GHS3D  J{ Inria GAMMA

 Permeability - transmissivityfle  DPXAab

Data input for mai
MATLAB code

nef-flow-fpm |{ 1nria SERENA

Compute MHFEM elementary matrices
Generic assembly (global matrices)

Add boundary conditions

For both 2D DFN and 3D rock
matrix (almost) separately

Vectorized steps

The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ

lrzia— 13/



Part 2: simulation framework

I-nef -flow-£fpm: an MHFE MATLAB code - workflow

[ DFN.lab ] -[ LabCom Fractory (Open Source)
[ MODFRAC )q{ Inria GAMMA, SERENA & UTT
[ GHS3D  J{ Inria GAMMA

 Permeability - transmissivityfle  DPXAab

Data input for mai
MATLAB code

nef-flow-fpm J{ Inria SERENA
Compute MHFEM elementary matrices

Generic assembl

Add boundary conditions |
SPD linear system computation (2D - 3D coupling)

For both 2D DFN and 3D rock
matrix (almost) separately

global matrices)

Vectorized steps
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Part 2: simulation framework

r

nef-flow-£fpm: an MHFE MATLAB code - workflow

DFN.lab

DFN geometry file [ } -[ LabCom Fractory (Open Source)

2D DFN w generator [ MODFRAC |q Inria GAMMA, SERENA & UTT

3D mesh generator ( GHS3D J{ Inria GAMMA
Permeability - transmissivity file ([ DFNlab |
Parameters JSON file | |
Data input for mai
MATLAB code

nef-flow-fpm

Compute MHFEM elementary matrices

Generic assembly (global matrices)

{ Inria SERENA

For both 2D DFN and 3D rock
matrix (almost) separately

Add boundai conditions ]
SPD linear system computation (2D - 3D coupling)

Solving phase

Direct : UMFPACK, MUMPS. Iterative : PCG, GMRES. Preconditioners : ichol, AMGCL.

T. A. Davis. ACM Transactions on Mathematical
Software. 2004.

P. R. Amestoy, I. S. Duff, J. Koster, J.-Y. I’Excellent.
SIAM Journal on Matrix Analysis and Applications.
2001.

D. Demidov. Lobachevskii Journal of Mathematics.
2019.

Vectorized steps Possible external codes (parallelization depends on the chosen solver)
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Part 2: simulation framework

r

nef-flow-£fpm: an MHFE MATLAB code - workflow

CANUM 2026

DFN.lab ] -[ LabCom Fractory (Open Source)
MODFRAC ]9 Inria GAMMA, SERENA & UTT
GHS3D  |q Inria GAMMA

DFN.lab |

Data input for mai
MATLAB code

Compute MHFEM elementary matrices
Generic assembly (global matrices)

Add boundary conditions

SPD linear system computation (2D - 3D coupling)

Solving phase

Direct : UMFPACK, MUMPS. Iterative : PCG, GMRES. Preconditioners : ichol, AMGCL.

Post-processing (flux reconstruction, flux continuity, mass conservation, ...)

nef-flow-fpm |{ 1nria SERENA

For both 2D DFN and 3D rock
matrix (almost) separately

T. A. Davis. ACM Transactions on Mathematical
Software. 2004.

P. R. Amestoy, I. S. Duff, J. Koster, J.-Y. I’Excellent.
SIAM Journal on Matrix Analysis and Applications.
2001.

D. Demidov. Lobachevskii Journal of Mathematics.

2019.

Possible external codes (parallelization depends on the chosen solver)
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Part 2: simulation framework

I-nef—flow—f]pm: an MHFE MATLAB code - workflow

DFN.lab ] -[ LabCom Fractory (Open Source)
MODFRAC ]9 Inria GAMMA, SERENA & UTT
GHS3D ] Inria GAMMA Code validation :

DFN.lab |

Data input for mai
MATLAB code

nef-flow-fpm |{ 1nria SERENA

Compute MHFEM elementary matrices
Generic assembly (global matrices)

Add boundary conditions T. A. Davis. ACM Transactions on Mathematical

Software. 2004.
SPD linear system computation (2D - 3D coupling)
P. R. Amestoy, I. S. Duff, J. Koster, J.-Y. I’Excellent.

Solving phase SIAM Journal on Matrix Analysis and Applications.
Direct : UMFPACK, MUMPS. Iterative : PCG, GMRES. Preconditioners : ichol, AMGCL. 2001.

: . T ; D. Demidov. Lobachevskii Journal of Mathematics.
Post-processing (flux reconstruction, flux continuity, mass conservation, ...) 2019.
Vectorized steps Possible external codes (parallelization depends on the chosen solver)
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Part 2: simulation framework

r

nef-flow-£fpm: an MHFE MATLAB code - workflow

DFN.lab

] -[ LabCom Fractory (Open Source)

MODFRAC

|{ 1nria GAMMA, SERENA & UTT

I. Berre, W. M. Boon, B. Flemisch,
A. Fumagalli, D. Glaser, E.
Keilegavlen, A. Scotti, I. Stefansson,
A. Tatomir, K. Brenner, S.
Burbullah, P. Devloo, O. Duran, M.
Favino, J. Hennicker, I. Lee, K.
Lipnikov, R. Masson, K. Mosthaf,
M. G. C. Nestola, C. Ni, K. Nikitin, P.

CANUM 2026

GHS3D  |q Inria GAMMA

Code validation :

Schalde, D. Svyatskiy, R
Yanbarisov, P. Zulian. Advances in
Water Resources. 2021.

DFN.lab |

Data input for mai
MATLAB code

Vectorized steps

nef-flow-fpm |{ 1nria SERENA

Compute MHFEM elementary matrices
Generic assembly (global matrices)

Add boundary conditions

SPD linear system computation (2D - 3D coupling)

Solving phase
Direct : UMFPACK, MUMPS. Iterative : PCG, GMRES. Preconditioners : ichol, AMGCL.

Post-processing (flux reconstruction, flux continuity, mass conservation, ...)

- benchmark;

For both 2D DFN and 3D rock
matrix (almost) separately

T. A. Davis. ACM Transactions on Mathematical
Software. 2004.

P. R. Amestoy, I. S. Duff, J. Koster, J.-Y. I’Excellent.
SIAM Journal on Matrix Analysis and Applications.
2001.

D. Demidov. Lobachevskii Journal of Mathematics.
2019.

Possible external codes (parallelization depends on the chosen solver)
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Part 2: simulation framework
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nef-flow-£fpm: an MHFE MATLAB code - workflow

CANUM 2026

DFN.lab ] -[ LabCom Fractory (Open Source)

MODFRAC ]9 Inria GAMMA, SERENA & UTT

GHS3D  |q Inria GAMMA

DFN.lab |

Data input for mai
MATLAB code

Vectorized steps

nef-flow-fpm |{ 1nria SERENA

Compute MHFEM elementary matrices
Generic assembly (global matrices)

Add boundary conditions

SPD linear system computation (2D - 3D coupling)

Solving phase
Direct : UMFPACK, MUMPS. Iterative : PCG, GMRES. Preconditioners : ichol, AMGCL.

Post-processing (flux reconstruction, flux continuity, mass conservation, ...)

I. Berre, W. M. Boon, B. Flemisch,
A. Fumagalli, D. Glaser, E.
Keilegavlen, A. Scotti, I. Stefansson,
A. Tatomir, K. Brenner, S.
Burbullah, P. Devloo, O. Duran, M.
Favino, J. Hennicker, I. Lee, K.
Lipnikov, R. Masson, K. Mosthaf,
M. G. C. Nestola, C. Ni, K. Nikitin, P.
Schidlde, D. Svyatskiy, R
Yanbarisov, P. Zulian. Advances in
Water Resources. 2021.

Code validation :
- benchmark;

- analytical solution.  « grenner, M. Groza, c. Guichard,

G. Lebeau, and R. Masson.
Numerische Mathematik. 2016.

For both 2D DFN and 3D rock
matrix (almost) separately

T. A. Davis. ACM Transactions on Mathematical
Software. 2004.

P. R. Amestoy, I. S. Duff, J. Koster, J.-Y. I’Excellent.
SIAM Journal on Matrix Analysis and Applications.
2001.

D. Demidov. Lobachevskii Journal of Mathematics.
2019.

Possible external codes (parallelization depends on the chosen solver)
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Part 3 :
The main bottleneck : solving the linear system

M. Kern, G. Pichot and D. Zegarra Vasquez. Performance of algebraic preconditioners for large-scale simulations
of single-phase flow in three-dimensional fractured porous media. Pre-print hal-05029652. 2025.
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* AMGCL: Algebraic Multi-Grid preconditioner (MEX-MATLAB) 2 nef-flow-fpm o Demidov. Lobachevekil lourmar
-> PCG-AMGCL (sequential). of Mathematics. 2019.

Source of impact on iterative solver convergence :

- DFM geometrical complexity (humber of fractures = increasing number of fracture-fracture intersections) ;
- mesh quality;

- contrast of hydraulic conductivity / transmissivity.
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Part 3: linear system bottleneck

r

Difficult linear solver convergence due to mesh quality
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Part 3: linear system bottleneck

-

Difficult linear solver convergence due to mesh quality

Thanks to CLEPS : Inria Paris CLuster pour I'Expérimentation
et le Prototypage Scientifique. HOMOGEN partition, 2x
Cascade Lake Intel Xeon 5218, 16 cores, 2.4GHz, 192 GB,
2,667 MHz. No hyperthreading.
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[L20phy-PM-GQ-1] 66 00:00:18 0.50 Cascade Lake Intel Xeon 5218, 16 cores, 2.4GHz, 192 GB,
[L.20geo-DFN-100] 692 00:00:17 0.08 2,667 MHz. No hyperthreading.
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and due to the heterogeneity of hydraulic conductivity/transmissivity
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.90. Y. Chen and G. N. Wells. Pre-print

[L20geo—FPM—1v100] 287k 00:28:01 1.6 Thanks to CLEPS : Inria Paris CLuster pour I'Expérimentation doi:10.48550/arXiv.2402.12947 . 2024.
[LQOgeO-PM‘LQ‘l] 2.93k 00f26f18 1.5 et le Prototypage Scientifique. HOMOGEN partition, 2x ). Gopalakrishnan and S. Tan. Numerical
[LQOPhY‘PM‘GQ‘l] 66 00:00:18 0.50 Cascade Lake Intel Xeon 5218, 16 cores, 2.4GHz, 192 GB, Linear Algebra with Applications. 2009.
[L20gGO-DFN-100] 692 00:00:17 0.08 2,667 MHz. No hyperthreading.

S. C. Brenner. SIAM Journal on Numerical

Analysis. 1992.
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Part 4:
The spectral domain decomposition method GenEO
as a robust preconditioner

P. Jolivet, M. Kern, F. Nataf, G. Pichot and D. Zegarra Vasquez. Spectral domain decomposition methods
as robust preconditioners for single-phase flow in fractured porous media. Pre-print hal-05029676. 2025.
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Part 4: DD preconditioner GenEO
r

Domain decomposition (DD) methods with minimal overlap
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Part 4: DD preconditioner GenEO
r

Domain decomposition (DD) methods with minimal overlap

One-level methods:
Additive Schwarz Method (ASM) or restrictive ASM (RAS).

N N
1 Z T 1 1 Z =T 1
MASM — Rz (A’L) Ri? MRAS — Rq, (Az) Rz . V. Dolean, P. Jolivet, and F. Nataf.

i—1 i—=1 Society for Industrial and Applied
o o Mathematics, Philadelphia, PA. 2015.
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Part 4: DD preconditioner GenEO
r

Domain decomposition (DD) methods with minimal overlap

One-level methods:
Additive Schwarz Method (ASM) or restrictive ASM (RAS).

§ : T —1 2 : T
ASM — R Rz; RAS — R R V. Dolean, P. Jolivet, and F. Nataf.

Society for Industrial and Applied
Mathematics, Philadelphia, PA. 2015.

“HPDDM GenEO” M1, a two-IeveI method, sum of:

P. Jolivet, F. Hecht, F. Nataf, and C.
Prud’homme. In Proceedings of the
International Conference on High
Performance Computing, Networking,
Storage and Analysis, SC 13, New
York, USA. 2013.

N. Spillane, V. Dolean, P. Hauret, F.
Nataf, C. Pechstein, and R. Scheichl.
Numerische Mathematik. 2014.

P. Jolivet, J.E. Roman, and S.
Zampini. Computers and
Mathematics with Applications.
2021.
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“HPDDM GenEO” M1 a two-IeveI method, sum of:
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* acoarse level, a global correction operator built from local GenEO
(“Generalized Eigenvalue problems on the Overlap”):

Find the p; € N* smallest eigenpairs {y; ;, pm}“’ ', up to the desired tolerance
v €]0, 1] (i.e., p; ; <v) such that: Ay, ; = pZ,JRZ(R VT A, R;(R;)T Yi j-

V. Dolean, P. Jolivet, and F. Nataf.
Society for Industrial and Applied
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Application of DD methods to flow in DFM

1. MHFE single-phase flow context fits GenEO theory.
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r
Application of DD methods to flow in DFM

1. MHFE single-phase flow context fits GenEO theory.
2. Decomposition of 2D-3D DFM mesh.
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Selection of the best Krylov method and preconditioner
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Parallel simulations, 522 MPI processes (= subdomains for DD).
Test case: [L60geo—-FPM-heter]: 40k fractures, 18.5M dofs.
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Part 4: DD preconditioner GenEO
r

Robustness with respect to the number of fractures

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ &z/zdz,—- 21/24



Part 4: DD preconditioner GenEQO GMRES + HPDDM GenEO - RAS. Solver tolerance : 10°%*. GMRES restart : 90.

-

Robustness with respect to the number of fractures
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Part 4: DD preconditioner GenEO

r

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90.

Robustness with respect to the number of fractures

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

Test # frac. # dofs # sbdm.
case

name

[L60geo-FPM-1v100] 40k 19M 522
[L80geo-FPM-1v100] 90k 39M 1,098
[L100geo-FPM-1v100] 174k 72M 2,022
[L130geo-FPM-1v100] 377k 141M 3,985
[L160geo-FPM-1v100] 697k 243M 6,825
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Part 4: DD preconditioner GenEQO GMRES + HPDDM GenEO - RAS. Solver tolerance : 10°%*. GMRES restart : 90.

r

Robustness with respect to the number of fractures

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

10° —L60geo-1v100
Test 4 frac. 4 dofs # shdm. # it. PCSetUp KSPSolve _ ~[300ge0-1v100
case mm:ss mm:ss % Lo L 1600en 1100
name o
L60geo-FPM-1v100] 40k 19M 522 38 00:33 00:06 e
[L80geo-FPM-1v100] 90k 39M 1,098 38 00:47 00:08 -
[L100geo-FPM-1v100] 174k 72M 2,022 40  01:09 00:13 Ny X
[L130geo-FPM-1v100] 377k 141M 3,985 41 02:11 00:24 10 10 20 30 40 50 60
[L160geo-FPM-1v100] 697k 243M 6,825 41 02:33 00:37 Humber of fterations
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Part 4: DD preconditioner GenEO

r

Robustness with respect to the number of fractures

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90.

Test # frac. # dofs # sbdm. |# it.| PCSetUp KSPSolve
case Mm:ss mm:ss
name

[L60geo-FPM-1v100] 40k 19M 522 38 00:33 00:06
[L80geo-FPM-1v100] 90k 39M 1,098 38 00:47 00:08
[L100geo-FPM-1v100] 174k 72M 2,022 40 01:09 00:13
[L130geo-FPM-1v100] 377k 141M 3,985 41 02:11 00:24
[L160geo-FPM-1v100] 697k 243M 6,825 41 02:33 00:37

+ Robustness w.r.t. # frac. OK (38-41 it.).

Relative residual

10

20 30 40 50
Number of iterations
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Part 4: DD preconditioner GenEQO GMRES + HPDDM GenEO - RAS. Solver tolerance : 10°%*. GMRES restart : 90.

r

Robustness with respect to the number of fractures
and the heterogeneity of hydraulic conductivity/transmissivity

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

—L60geo-1v100

L80geo-1v100

Test # frac. # dofs # sbdm. |# it.| PCSetUp KSPSolve _ ~L100geo-1v100
case mm:ss mm:ss % L 1600en 1100
name g

[L60geo-FPM-1v100] 40k 19M 522 38 | 00:33 00:06 5

[L80geo-FPM-1v100] 90k 39M 1,098 38 | 00:47 00:08 -

[L100geo-FPM-1v100] 174k 72M 2,022 40 01:09 00:13 s

[L130geo-FPM-1v100] 377k 141M 3,985 41 | 02:11 00:24 10 10 20 30 40 50 60
[L160geo-FPM-1v100] 697k 243M 6,825 41 | 02:33 00:37 Humber of fterations

+ Robustness w.r.t. # frac. OK (38-41 it.).
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Part 4: DD preconditioner GenEO

r

Robustness with respect to the number of fractures
and the heterogeneity of hydraulic conductivity/transmissivity

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90.

Test # frac. # dofs # sbdm. |# it.| PCSetUp KSPSolve
case Mm:ss mm:ss
name

[L60geo-FPM-1v100] 40k 19M 522 38 00:33 00:06
[L80geo-FPM-1v100] 90k 39M 1,098 38 00:47 00:08
[L100geo-FPM-1v100] 174k 72M 2,022 40 01:09 00:13
[L130geo-FPM-1v100] 377k 141M 3,985 41 02:11 00:24
[L160geo-FPM-1v100] 697k 243M 6,825 41 02:33 00:37
[L60geo-FPM-heter]| 40k 19M 522

[L80geo-FPM-heter| 90k 39M 1,098

[L100geo-FPM-heter] 174k 72M 2,022

[L130geo-FPM-heter] 377k 141M 3,985

[L160geo-FPM-heter] 697k 243M 6,825

+ Robustness w.r.t. # frac. OK (38-41 it.).

Relative residual

10

—L60geo-1v100
1v100 L80geo-1v100
—L100geo-1v100
—L130geo-1v100
—L160geo-1v100

20 30 40 50
Number of iterations
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Part 4: DD preconditioner GenEO

r

Robustness with respect to the number of fractures

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90.

and the heterogeneity of hydraulic conductivity/transmissivity

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

. 10 1v100  _leoceoivios
Test # frac. # dofs # sbdm. |# it.| PCSetUp KSPSolve _ AN ~L100geo-1v100
case mm:ss mm:ss 3 L 1600en 1100
name Y
[LGOgeo-FPM-lvl()O] 40k 19M H22 38 00:33 00:06 q:%
[LSOgeo-FPM—lvl()O] 90k 39M 1,098 38 00:47 00:08 e
[L100geo-FPM-1v100] 174k 72M 2,022 40 01:09 00:13 e
[L130geo-FPM-1v100] 377k 141IM 3,985 41 02:11 00:24 1o 10 20 30 40 50 60
[L160geo-FPM-1v100] 697k 243M 6,825 41 | 02:33 00:37 Humber of fterations
[L60geo—FPM—heter] 40k 19M 522 39 0035 0006 1[]0. h t —L60geo-heter
L80geo-FPM-heter] 90k 39M 1,098 45  00:54 00:10 _ ener 105960 neter
[L100geo-FPM-heter] 174k 72M 2,022 46 01:23 00:16 3 L 0t hetes
[L130geo-FPM-heter] 377k 141M 3,985 50 02:11 00:28 g
[L160geo—FPM—heter] 697k 243M 6,825 511 03:52 00:49 N
31010
+ Robustness w.r.t. # frac. OK (38-41 it.). =
107 10 20 30 40 50 60
Number of iterations
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Part 4: DD preconditioner GenEO

r

Robustness with respect to the number of fractures

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90.

and the heterogeneity of hydraulic conductivity/transmissivity

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

10° —L60geo-1v100
Test 4 frac. # dofs # sbdm. |#it.] PCSetUp KSPSolve AN 1v100  -t8ogeovioo
case mm:ss mm:ss % L 1600en 1100
name o
[L60geo-FPM-1v100] 40k 19M 522 38 00:33 00:06 r_‘:':a
[L80geo-FPM-1v100] 90k 39M 1,098 38 00:47 00:08 «
[L100geo-FPM-1v100] 174k 72M 2,022 40 01:09 00:13 e
[L130geo-FPM-1v100] 377k 141M 3,985 41 02:11 00:24 1o 10 20 30 40 50 60
[L160geo-FPM-1v100] 697k 243M 6,825 41 | 02:33 00:37 Humber of fterations
[L60geo-FPM-heter] 40k 10M 522 39 | 00:35 00:06 100 —L60geo-heter
[L80geo-FPM-heter] 90k 30M 1,008 45 | 00:54 00:10 _ heter 20060 heter
[L100geo-FPM-heter] 174k 72M 2,022 46 01:23 00:16 E 105 L 0t hetes
[L130geo-FPM-heter] 377k 141IM 3,985 50 02:11 00:28 g
[L160geo-FPM-heter] 697k 243M 6,825 51 | 03:52 00:49 % y
< 107
+ Robustness w.r.t. # frac. OK (38-41 it.). =
+ Robustness w.r.t. # frac. and heterogeneity OK (39-51 it.). 1015
10 20 30 40 50 60
Number of iterations
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Part 4: DD preconditioner GenEO

r

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90.

Robustness with respect to the number of fractures
and the heterogeneity of hydraulic conductivity/transmissivity

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

. 10° 1v100  raogea1vioo
Test # frac. # dofs # sbdm. |# it.] PCSetUp KSPSolve Coarse _ AN ~L100geo-1v100
case mim:ss mm:ss space 2 L 1600en 1100
name size g
[L60geo-FPM-1v100] 40k 19M 522 38 00:33 00:06 36k E:_;
[L80geo-FPM-1v100] 90k 39M 1,098 38 00:47 00:08 79k «
[L100geo-FPM-1v100] 174k 72M 2,022 40 01:09 00:13 153k 1
[L130geo-FPM-1v100] 377k 141M 3,985 41 | 02:11 00:24 319k *° 10 20 30 40 50 60
[L160geo-FPM-1v100] 697k 243M 6,825 41 02:33 00:37 577k Number of iterations
[L60geo-FPM-heter] 40k 10M 522 39 | 00:35 00:06 37k 100 —L60geo-heter
[L80geo-FPM-heter] 90k 30M 1,008 45 | 00:54 00:10 81k _ heter ~L100geo-heter
[L100geo-FPM-heter] 174k  72M 2,022 46 01:23 00:16 155k 3 - L 0t hetes
[L130geo-FPM-heter] 377k 141M 3,985 50 02:11 00:28 325k ¢
[L160geo-FPM-heter] 697k 243M 6,825 51 | 03:52 00:49 H87k % N
3 10
+ Robustness w.r.t. # frac. OK (38-41 it.). =
+ Robustness w.r.t. # frac. and heterogeneity OK (39-51 it.). 1015
10 20 30 40 50 60
Number of iterations
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Part 4: DD preconditioner GenEO

r

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90.

Robustness with respect to the number of fractures
and the heterogeneity of hydraulic conductivity/transmissivity

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k.

10° —L60geo-1v100
Test # frac. # dofs # sbdm. |# it.] PCSetUp KSPSolve Coarse _ | 1v100 -E?SESZS.‘{}EEO
case mm:ss mm:ss space % Lo L 1600en 1100
name s1ze g
[L60geo-FPM-1v100] 40k 19M 522 38 | 00:33 00:06 36k Eyqu
[L80geo-FPM-1v100] 90k 39M 1,098 38 00:47 00:08 79k o
[L100geo-FPM-1v100] 174k 72M 2,022 40 01:09 00:13 153k s
[L130geo-FPM-1v100] 377k 141M 3,985 41 | 02:11 00:24 319k *° 10 20 30 40 50 60
[L160geo-FPM-1v100] 697k 243M 6,825 41 02:33 00:37 577k Number of iterations
[L60geo-FPM-heter] 40k 10M 522 39 | 00:35 00:06 37k 100 —L60geo-heter
[L80geo-FPM-heter] 90k 30M 1,008 45 | 00:54 00:10 81k _ heter ~L100geo-heter
[L100geo-FPM-heter] 174k 72M 2,022 46 01:23 00:16 155k 1.%; 108 L 0t hetes
L130geo-FPM-heter] 377k 141M 3,985 50 02:11 00:28 325k o
L160geo-FPM-heter] 697k 243M 0,825 o1 03:52 00:49 | 58Tk iﬁ y
5 107
+ Robustness w.r.t. # frac. OK (38-41 it.). =
+ Robustness w.r.t. # frac. and heterogeneity OK (39-51 it.). 1015
. . 10 20 30 40 50 60
+ Reasonable wall-clock time for [L160geo-FPM-heter], around 5 minutes. Number of iterations
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Conclusion and further work
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I Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.
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I Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.
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I Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

* Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO.
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I Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

* Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO.

Perspectives:
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I Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

* Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO.

Perspectives:

e DFM with 1M+ fractures !

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ &z/zdz,—- 23 /24



I~ Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very

large number of fractures, up to hundreds of thousands. 100
50
* Solver convergence within reasonable wall-clock time thanks to HPDDM- N
GenEO. —
-50
Perspectives: 100 4
100

T 100
 DFM with 1M+ fractures ! 100 _100
* Extend the parallelism beyond the solver phase: assembly, post-processing, DFN with ~1.2M fractures
etc.

A. Ern, F. Hédin, G. Pichot, N. Pignet.
SMAI Journal of Computational
Mathematics. 2022.
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I~ Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

* Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO.

Perspectives:

e DFM with 1M+ fractures !

* Extend the parallelism beyond the solver phase: assembly, post-processing, DFN with ~1.2M fractures
etc.

* For spectral DD methods: give some information to the partitioner in order to A Ern - Hédin, G. Pichot, N. Pignet.

SMAI Journal of Computational

equilibrate the number of computed eigenpairs per subdomain. Mathematics. 2022.
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I~ Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

* Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO.

Perspectives:

e DFM with 1M+ fractures !

* Extend the parallelism beyond the solver phase: assembly, post-processing, DFN with ~1.2M fractures
etc.

* For spectral DD methods: give some information to the partitioner in order to A Ern - Hédin, G. Pichot, N. Pignet.

SMAI Journal of Computational

equilibrate the number of computed eigenpairs per subdomain. Mathematics. 2022.

e 2D-3D DFM polytopal meshes, HHO.
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I~ Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under
the continuous hydraulic head condition.

* Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

* Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO.

Perspectives:

e DFM with 1M+ fractures !

* Extend the parallelism beyond the solver phase: assembly, post-processing, DFN with ~1.2M fractures
etc.

* For spectral DD methods: give some information to the partitioner in order to A Ern - Hédin, G. Pichot, N. Pignet.

SMAI Journal of Computational

equilibrate the number of computed eigenpairs per subdomain. Mathematics. 2022.
 2D-3D DFM polytopal meshes, HHO.

 Hydrogeological studies, Monte-Carlo simulations.
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Thank you !
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Bonus

r

From hydrogeological point properties to infinitesimal calculus

i
Main characteristics of porous media : Effects on the Range of REV for
- 2 | micro-scale a fractured porous medium
* permeability k (m?), kpg .I - -
hydraullc Conduct|V|ty (m . S'l)’ }C — - I|II ) Hl]tllrl:_:::jrllllrl:lll!'- prorous mesdium
= o _ T
* porosity. K :l-l- Ly \/ A —===————— Homogeneous porous medium
a |, Range of REV for -
Q o kA AP H . —-:E'umundlng AL -:-nl?' Helerogeneous lroeciures
Macroscopic Darcy’s Law : oL R A TR R T e e <<= Homogeneous fractures
v - Range of REV for
: Fractures only
-
Lowwirr il Lowar lwrnl Lippar md  Lippas himil Jmuma
mairix fraciures maitnx  fractures

Porosity and permeability can neither be defined nor
measured at a single point: below a certain volume scale,
loss of their physical meaning.

- Representative Elementary Volume (REV): definition
and measurement of the "average" property of the
considered volume.

Representative Elementary Volume (REV). Adapted in thesis by Alexandru
Tatomir (Stuttgart Univ., 2012) from Bear et al., 1983.
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Bonus

r

Reduced model for flow in DFM

I

84!

ol Q

V. Martin, J. Jaffré, and J. E. Roberts. Modeling fractures and barriers as interfaces for
flow in porous media. SIAM Journal on Scientific Computing. 2005.

(2

Scheme of the reduced model. The given example is in two dimensions.

8 :

Left: global domain 0, fracture domain Q; with a thickness d, separating the global domain into two rock-matrix

subdomains 2, and Q, .

Right: fracture modeled as an interface y, a hyperplane (codimension 1) with normal unit vectors

n=n;=-n,.

Qf: x € ()

ds € y: dr €

—d(s) d(s)

2

?

T r=Ss8+1rn
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Bonus

r

Permeameter boundary conditions (BC)

Gradient of the hydraulic heads (rock matrix and fracture network) on two opposite sides of the cube.

,_ B pEf,D,_out

m.D.out

p
qlm.."'li_ — [] qﬂ:'.‘llf — U E?Dtin Eﬂ.ﬂuf

(Nul flux on lateral sides)
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Bonus

Direct methods are too expensive in terms of RAM.

Cholesky and LU factorizations (parallel simulations with 48 MPI processes).

Test case Solver Solver time RAM
hh:mm:ss  (GB)

L20geo-FPM-1v100] CHOL  00:00:57  27.3
L60geo-FPM-1v100] CHOL  00:06:26 107

L20geo-FPM-1v100] LU  00:01:21  41.3
L60geo-FPM-1v100] LU 00:08:50 159
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D. Demidov. An Efficient, Flexible, and Extensible Algebraic

BO n u S Multigrid Implementation. Lobachevskii J. Math. 2019.

r

Classic preconditioners suffer from breakdowns

Conjugate Gradient (PCG) preconditioned with Precond. # it. Solver time
- Incomplete Cholesky factorization (MATLAB implementation) hh:mm:ss
- AMGCL (C++ / MEX external library) '
Sequential simulations with [L.20geo-FPM-1v100] test case. iCHOL 9,972 <I> 02:55:36 <!>
Solver tolerance : 1014 IAMGCL 2,869 UU:28:UII

_ |

v

g

@

=

g 10710 mEN —

o PCG-AMGCL

—PCG-ICHOL
10°15 I S N 0 1 N N IR R 1 1 N B E A
10° 10° 10° 10° 10°
#iterations
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Bonus

r

Choosing iterative solver tolerance

—
o
o

10'2 mmmmm—ﬁmw
—— 50 PM flux cont. error

10'4 - |—8—L50 PM mass cons. error 10'4 c
> — & -L50 DFN mass cons. error %
5 6 6 >
£ 10 10 E
-
9 5
< 107 108 O
=3 /)]
—_ w
q!; -10 10 &
6 10 107" E
— -
O o)
> 10712 1107 2
~ o
= )
=107 10714 2
- o

10716 10716

10 10" 101° 10® 10° 10* 107
PCG tolerance
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Bonus

-

Continuous weak mixed solution

L? spaces for p (hydraulic head): S = L?(Q™) x L?(Q).

H (div) spaces for u (velocity): V =V 4+ conditions on intersections, with:
V ={v=("")st: o' € L2(Q) and Vo € C, v™ € H(div,wa), 7™ 0™ =0 on T'Y,
Vee T, (Vv = [v™]},) € L*(7e)}-
Problem statement. Find v = («™,u") € V and p = (p™, p") € S such that:
a(u,v) — b(v,p) = La(v), Vv eV,
b(u, s) = Ly(s), Vse€S,

where:
a(u,v) = /Qm(lCm)_lum ’Um—l—/ (KH ! - o,
b(v,p):(;[ua VT +%/ pe (Vovg = [[0™])}5,) -

a is continuous and coercive. b satisfies the inf-sup condition.
— Weak mixed formulation has a unique solution (u,p) € V x S.
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Bonus

r

Discrete mixed approximation

Simplicial conforming meshes: the rock matrix mesh (tetrahedra) is sup-

ported by the fracture network mesh (triangles).

Piecewise constant functions for the hydraulic head py,.
Lowest order Raviart-Thomas(-Nédélec) for the velocity uy,.

Problem statement.

Find u;, = (u%@,uﬁ) eV, CV and py, = (pn,?,p%) c S; C S such that:
a(up,vn) — b(vn, Sp) = Ly(vp), Vv € Vp,
b(vh,sh) = Lb(Sh), Vsy € Sp.

b satisfies the discrete inf-sup condition.

— Mixed approximation has a unique discrete solution (up,pp) € Vi X Sp.

A priori error estimates. + Regularity conditions.

where:

Jall} = 3 (i s oy + [0 )+ D0 ([ 1 0y + [ 10y )
lel

aeC

lu — unlly < hllull,, Ip = prlls < b (Ilully + Pl )
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Bonus

I-Mixed-Hybrid Finite Element (MHFE) method

Key idea: relax the continuity of the normal trace of the velocity across the interior faces.

= M}, 0,0 = Lagrange Multiplier space of piecewise constant functions on the interior faces and all the edges.
-2 thyb = V), + relaxed continuity constraints.
- Introduce b7, a mesh-dependent version of b ovethhyb X 9, .

- c bilinear form over thyb X Mp.0.p -

Problem statement. Find u;, = (u%ﬂ,u%) S V;yb, Pr = (pﬂﬁ@,pj;i) € S5 and

Ap = (A, )\ﬁ) € Mp, 0. p such that:

hyl
a(wn,vn) — br(vh, pn) + c(An,vn) = La(vn), Vo, € V77,
(IJT('U-_,I-L, Sh) — Lb(sh)a Vsy € S.-"L-.-
c(un, pn) = 0, Vun € My o p.

The MHFE formulation is equivalent to the mixed approximation = unique solution (tn, Pr, An) .
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Bonus

rnef—flow—fpm: an MHFE MATLAB code - validation

Analytical solution: numerical convergence Benchmark test case, flow and transport simulations
m f 0Qun FPM Pf FPM A™ -
FPM exact A FPM exact P o Bl 250
-1 400 { 400 500
1 25 T 25 2200 | > 1% 20 400
0| [ o0 300
1500 100 1500
205 | 2 205 2 50560° .
50 100
y -400 0
0Q0ue X
0. 1.5 0. 1.5
1 ‘ 1 match: 100
1 1 9 5 2 4
- 0 0.5 Ua 0.5 28010 B published spread
0 00
y X y X s pef-flow-fpm
(a) Trace of hydraulic heads Ag,. (b) Mean hydraulic heads F. 2001071
100 T T T l..'-:lnxl”'] 1
: ~-DFN-Err, =
~-PM - Err™ = ) .
Pr 100 10- 1
10_1 | --DFN - Errv_
5.00x10" 1
102 0.00 1
' 0 500 1000 1500
arc length [m]
10 102 10° 10t 10° 108 107 I. Berre, W. M. Boon, B. Flemisch, A. Fumagalli, D. Glaser, E. Keilegavlen, A. Scotti, |. Stefansson, A. Tatomir,
K. Brenner, S. Burbullah, P. Devloo, O. Duran, M. Favino, J. Hennicker, I. Lee, K. Lipnikov, R. Masson, K.
K. Brenner, M. Groza, C. Guichard, G. Lebeau, and R. Mosthaf, M. G. C. Nestola, C. Ni, K. Nikitin, P. Schalde, D. Svyatskiy, R. Yanbarisov, P. Zulian. Advances in
Masson. Numerische Mathematik. 2016. Water Resources. 2021.
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Bonus

I- . . . Boundary conditions
PhyS|ca| phenomena and appllcatlons Pumping, fluid/gaz injection, permeameter ...

Thermal changes
Conservation of energy

Key role in industrial applications:

oil and gas extraction, e

CO, sequestration in the (Single-phase, two- |

subsurface, phase, muiti-phase) Hydrogeological parameter changes
. ’ Constitutive |

geothermal energy production, i ‘;ﬁ;";?mss — e

underground nuclear waste

storage,

water extraction (for drinking, Mechanical / chemical

irrigation, industrial processes, ...), deformation
etc Cauchy stress tensor

Conservation of mass

Inert / reactive transport
Conservation of solute mass
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Bonus

r

Mesh generation

2D main challenge. Small
angles, up to millions of
fractures.

Dedicated software
MODFRAC (Inria Gamma,

ici "Li';'-.__:f;fl‘ """.':; = p‘__fp-r - - 1’4’& ‘q
Serena & UTT), an efficient "“1%)!""*““’%‘":Hﬁﬁp‘:ﬁuﬁﬁjq i"%

.,
o T4 A WAV AR =
parallel unstructured surface 1@';:;&%?;{&?&13“%1%‘7%“&
: A ¥ Sl =gy S\ VAN
W= ;"-‘, -
mesh generator with a user it g-#,"g_[%,ﬂfgq;‘lum ‘!hg.ggr"\

input minimum quality.

P. Laug, G. Pichot. MASCOT IMACS Series in
Computational and Applied Mathematics,
Vol. 22. 2018.

N Y

e
REOR RSN
SIS\ SN
H. Borouchaki, P. Laug, P.L. George. "‘1“!‘.' v v
International Journal for Numerical

Methods in Engineering. 2000.
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Bonus

r

Mesh generation

3D main challenge. Use the

triangular mesh generated by

MODFRAC as an input to

generate the tetrahedral mesh.

MODFRAC

H. Borouchaki, P. Laug, P.-L. George.
International Journal for Numerical
Methods in Engineering. 2000.

P.-L. George, H. Borouchaki, F. Alauzet, A.
Loseille, P. Laug, L. Maréchal. ISTE Group.
2018.

GHS3D

— Dedicated software GHS3D (Inria Gamma), an efficient unstructured volume mesh generator.

—
e e S e
S e .
. e e =
" .‘;,_-’..’:.g?.. A e
f"‘ﬂ‘ﬁfﬁnﬁﬁi e = ]
e

e

zoo0m

\ 4

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ hu&.— 37 /24




Bonus

r

Mesh generation

2D main challenge. Small angles,
up to millions of fractures.

3D main challenge. Use the triangular mesh generated by
MODFRAC as an input to generate the tetrahedral mesh.

1
On a Laptop ‘, On a Mac Cluster
]
P. Laug, G. Pichot. MASCOT 4 cores = “ 16 cores H. Borouchaki, P. Laug, P.-L.
IMACS Series in InteI(R) COTE(TM) ‘, |I1tE|(R) Xeon(R) George. International Journal
Computational and Applied i7-7820HQ CPU | W-3245 CPU @ for Numerical Methods in
Mathematics, Vol. 22. 2018. @ 2.90GHz \ ‘ 3.20GHz Engineering. 2000.
32GiB RAM | 64GiB RAM
H. Borouchaki, P. Laug, P.L. 4 POSIX-threads ll Sequential run P.-L. George, H. Borouchaki,
George. International Journal " F. Alauzet, A. Loseille, P.
for Numerical Methods in ‘ Laug, L. Maréchal. ISTE
Engineering. 2000. Group. 2018.
MODFRAC GHS3D
Inria Gamma, Serena & UTT. Inria Gamma.
Paralle! unstructgred surfaf:e mesh ge.nerator Unstructured volume mesh generator.
with a user input minimum quality.

Mesh # tetra. # faces # triang. # edges MODFRAC time GHS3D time

namnie frac. 1mMiI:ss min:ss

[L60geo-FPM]  8M 16M oM 3M 00:55 03:02

[L80geo-FPM] 17M 33M 4AM 6M 02:02 08:25
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Bon us LabCom fractory:
r UItasca Consultants (France)
Networks with a large number of fractures T Seosciences Rennes

Fractures = disks.
e.g.: L20 is a cube of side 20 m.

P. Davy, R. Le Gogc, C. Darcel, O. Bour, J.-R.
de Dreuzy, R. Munier. Journal of
Geophysical Research: Solid Earth. 2010.

P. Davy, R. Le Goc, and C. Darcel. Journal
of Geophysical Research: Solid Earth. 2013.

Geometry # frac. # frac-frac

name intersections
L20-FPM| 2k 3k
L50-FPM] 23k 39k
L60-FPM] 40k 66k
L8O-FPM] 90k 155k
[L100-FPM] 174k 305k
[L130-FPM| 377k 675k
[L160-FPM] 697k 1.3M
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Bonus

r

Rock matrix hydraulic conductivity
and fracture network tangential transmissivity

e “1v100”. Rock matrix: K =1 m/s. Fracture network: K = 100 m?/s (the same for all fractures)

* “heter”. Rock matrix: K™ = 10 m/s. Fracture network: K’ takes one value per fracture in the range
[10%, 20] m?/s (data from LabCom fractory)

«10° L20

x10° L60

T

(8] (o)) ~
T T T

Number of fractures
w § =N

Number of fractures

N

-
T

10°  10*  10% 10° 0
Transmissivity 108 10°° 1074 1072 10° 102
Transmissivity
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Bonus Sequential PCG-AMGCL. Solver tol.: 10-14.

r

Geometry complexity impact on solver convergence

1. Choose atestcase: [L80-FPM-1v100].
2. Choose other geometries with a lower number of fractures: [L50-FPM], [L20-FPM].+ 1v100.

3. Refine so as to obtain the same number of tetra. 2 ~“Same number of dofs:
[L50fine-FPM-1v100], [L20fine-FPM-1v100].

Test # frac. | # tetra. # dofs 107 — L20fine-FPM-1v100 .
case - —L50fine-FPM-1v100 ||
- L80geo-FPM-1v100 |
[L80geo-FPM-1v100] 90k 17M 39M = | oyl
[L50fine-FPM-1v100] 23k 17™™ 37M 2 10%
[L20fine-FPM-1v100] 2k 17M 34M @ |
o
. . =
Test # it. Solver time  RAM ®
case dd-hh:mm:ss (GB) 210

[L80geo-FPM-1v100] 40k  02-18:36:54 16
[L50fine-FPM-1v100] 5k 00-08:09:28 14 |
[L20fine-FPM-1v100] 2k 00-03:09:38 13 10715

10° 10" 102 103 10
+ Simulations with 90k fractures now possible. #iterations

- Convergence of the iterative method slows down (time and iterations) as the complexity of the fracture
network increases.
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X2
X2

X2
X2

X2

Bonus GMRES + HPDDM GenEO - RAS. Solver tolerance : 10''*. GMRES restart : 90.

r

Strong scaling

Solve the same linear system with an increasing number of MPI processes.
Test case: [L60geo—-FPM-1v100]: 40k fractures, 19M dofs.

# MPI # dofs /| #it] PCSetUp KSPSolve Coarse
procs. sbdm. mMin:ss mMin:ss space

size E
64 289k 35 18:47 =41 00:40 224 15k %
128 145k 36 04:37 233 00 17 =91 21k 2 _?;égggﬁm
256 72k 36 01:25 27 00:08 27k ﬁ —256 sbdm
512 36k 38 00:32 00:05 410 36k :iégfgggnm
1,024 18k 40 00:16 219 00 05 ';1'0 47k 1015 2048 sbdm
2,048 9k 39 00:13 00:05 ¢~ 61k 10 20 30 40 50 60

Number of iterations

+ Strong scaling OK w.r.t. iterations (35-40).
- Wall-clock time saturation beyond 512 MPI procs.
“Sweet spot” : ~36k dofs / sbdm.
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Bonus GMRES + HPDDM GenEO - RAS. Solver tolerance : 10"**. GMRES restart : 90.

r

Weak scaling

Choose a test case: [.L60geo-FPM-1v100], 40k fractures
Refine and generate linear systems: [L.60fineA-FPM-1v100],

[L60fineB-FPM-1v100], [L60fineC-FPM-1v100].

Decompose so as to keep the number of dofs constant

per sbdm.: ~¥36k dofs/sbdm.

Relative residual

10 20
Number of iterations

—L60geo-1v100

—L60fineA-1v100

—L60fineB-1v100
= L60fineC-1v100

30 40 50 60

Test # tetra 4 dofs # sbdm. | # it.] PCSetUp KSPSolve Coarse
casc IMI11:SS INIISS space
name size
L60geo-FPM-1v100] SM 2 0191\/[ 522 38 00:33 00:06 36k
L60fineA-FPM-1v100]  16M< " 37M 1,033 | 39 | 0042 ;5 500:08 |, 5 70k
L60fineB-FPM-1v100] 30M&* " 66M 1,857 39 | 00:40 00:10 |~ 116k
L60fineC-FPM-1v100]  60M«*20129M 3,631 39 | 01:03 00:14 207k

+ Weak scaling OK w.r.t. iterations (38-39).

- Wall-clock time saturation after the first refinement.
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Bonus

r

lll-conditioned and large and linear systems

Test # frac. # dofs mnnz  condest
case

[20geo-FPM-1v100] 2k AM 30M  1.71c+11
L20geo-FPM-heter]| 6.86e+16

L160geo-FPM-1v100] 697k 243M 1.8B —
L.160geo-FPM-heter]

[
|
|
|

18000 &

1 1 1 1 L 1 1 -
2000 4000 6000 8000 10000 12000 14000 16000 1800(
nz = 123244

Shape of the linear system matrix from
a very coarse test case (not presented
here)
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