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• “1v100”. Rock matrix: Km = 1 m/s. Fracture network: Kf = 100 m2/s (the same for all fractures).

• “heter”. Rock matrix: Km = 10-8 m/s. Fracture network: Kf takes one value per fracture in the range
[10-6, 20] m2/s (data from LabCom fractory).
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Part 4 : 
The spectral domain decomposition method GenEO

as a robust preconditioner
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2. Decomposition of 2D-3D DFM mesh.

3. Workflow in nef-flow-fpm for assembling Neumann matrices       .
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Robustness with respect to the number of fractures

Part 4: DD preconditioner GenEO

+ Robustness w.r.t. # frac. OK (38-41 it.). 
+ Robustness w.r.t. # frac. and heterogeneity OK (39-51 it.). 
+ Reasonable wall-clock time for [L160geo-FPM-heter], around 5 minutes.

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90. 

Test cases with an increasing number of fractures. Decompose so as to keep #dofs / sbdm ~36k. 
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Conclusion and further work
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• Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under 
the continuous hydraulic head condition.

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 23 / 24



• Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under 
the continuous hydraulic head condition.

• Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 23 / 24



• Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under 
the continuous hydraulic head condition.

• Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

• Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO. 

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 23 / 24



• Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under 
the continuous hydraulic head condition.

• Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

• Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO. 

Perspectives:

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 23 / 24



• Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under 
the continuous hydraulic head condition.

• Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

• Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO. 

Perspectives:

• DFM with 1M+ fractures !

CANUM 2026 The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 23 / 24



• Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under 
the continuous hydraulic head condition.

• Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

• Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO. 

Perspectives:

• DFM with 1M+ fractures !

• Extend the parallelism beyond the solver phase: assembly, post-processing, 
etc.
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• Mixed-hybrid finite element (MHFE) formulation for single-phase flow, under 
the continuous hydraulic head condition.

• Tools for simulation (assemble and/or solve) of single-phase flow with a very
large number of fractures, up to hundreds of thousands.

• Solver convergence within reasonable wall-clock time thanks to HPDDM-
GenEO. 

Perspectives:

• DFM with 1M+ fractures !

• Extend the parallelism beyond the solver phase: assembly, post-processing, 
etc.

• For spectral DD methods: give some information to the partitioner in order to 
equilibrate the number of computed eigenpairs per subdomain.

• 2D-3D DFM polytopal meshes, HHO.

• Hydrogeological studies, Monte-Carlo simulations.
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Thank you !
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From hydrogeological point properties to infinitesimal calculus

CANUM 2026

Representative Elementary Volume (REV). Adapted in thesis by Alexandru
Tatomir (Stuttgart Univ., 2012) from Bear et al., 1983. 

Main characteristics of porous media :

• permeability k (m2),
hydraulic conductivity (m · s-1),

• porosity.

Macroscopic Darcy’s Law :

Porosity and permeability can neither be defined nor 
measured at a single point: below a certain volume scale, 
loss of their physical meaning.

→ Representative Elementary Volume (REV): definition 
and measurement of the "average" property of the 
considered volume.

Bonus

The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 25 / 24



Reduced model for flow in DFM

CANUM 2026

Scheme of the reduced model. The given example is in two dimensions. 

Left: global domain Ω, fracture domain Ωf with a thickness d, separating the global domain into two rock-matrix 
subdomains Ω1 and Ω2 . 

Right: fracture modeled as an interface γ, a hyperplane (codimension 1) with normal unit vectors
n = n1 = -n2.

V. Martin, J. Jaffré, and J. E. Roberts. Modeling fractures and barriers as interfaces for 
flow in porous media. SIAM Journal on Scientific Computing. 2005.

Bonus
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Permeameter boundary conditions (BC)

CANUM 2026

Gradient of the hydraulic heads (rock matrix and fracture network) on two opposite sides of the cube.

Bonus
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Direct methods are too expensive in terms of RAM.

CANUM 2026

Cholesky and LU factorizations (parallel simulations with 48 MPI processes).

Bonus
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Classic preconditioners suffer from breakdowns

Conjugate Gradient (PCG) preconditioned with 
- Incomplete Cholesky factorization (MATLAB implementation)
- AMGCL (C++ / MEX external library)
Sequential simulations with [L20geo-FPM-1v100] test case.
Solver tolerance : 10-14

D. Demidov. An Efficient, Flexible, and Extensible Algebraic 
Multigrid Implementation. Lobachevskii J. Math. 2019.Bonus
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Choosing iterative solver tolerance

Bonus
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Continuous weak mixed solution

CANUM 2026

Bonus
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Discrete mixed approximation

CANUM 2026

Bonus
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Mixed-Hybrid Finite Element (MHFE) method

CANUM 2026

Bonus

Key idea: relax the continuity of the normal trace of the velocity across the interior faces.

→ = Lagrange Multiplier space of piecewise constant functions on the interior faces and all the edges.

→

→ Introduce , a mesh-dependent version of    over                     .

→ bilinear form over         .

The MHFE formulation is equivalent to the mixed approximation → unique solution    .
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nef-flow-fpm: an MHFE MATLAB code - validation

CANUM 2026

Bonus

K. Brenner, M. Groza, C. Guichard, G. Lebeau, and R. 
Masson. Numerische Mathematik. 2016.

I. Berre, W. M. Boon, B. Flemisch, A. Fumagalli, D. Gläser, E. Keilegavlen, A. Scotti, I. Stefansson, A. Tatomir, 
K. Brenner, S. Burbullah, P. Devloo, O. Duran, M. Favino, J. Hennicker, I. Lee, K. Lipnikov, R. Masson, K. 
Mosthaf, M. G. C. Nestola, C. Ni, K. Nikitin, P. Schälde, D. Svyatskiy, R. Yanbarisov, P. Zulian. Advances in 
Water Resources. 2021.

Benchmark test case, flow and transport simulationsAnalytical solution: numerical convergence
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Physical phenomena and applications

Bonus

Key role in industrial applications:

• oil and gas extraction, 
• CO2 sequestration in the 

subsurface, 
• geothermal energy production,
• underground nuclear waste 

storage,
• water extraction (for drinking, 

irrigation, industrial processes, …),
• etc.
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Mesh generation

CANUM 2026

Bonus

2D main challenge. Small 
angles, up to millions of 
fractures.  

zoom

zoom

Dedicated software 
MODFRAC (Inria Gamma, 
Serena & UTT), an efficient 
parallel unstructured surface 
mesh generator with a user 
input minimum quality.

P. Laug, G. Pichot. MASCOT IMACS Series in 
Computational and Applied Mathematics, 
Vol. 22. 2018.

H. Borouchaki, P. Laug, P.L. George. 
International Journal for Numerical 
Methods in Engineering. 2000.
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zoom

Mesh generation

CANUM 2026

Bonus

3D main challenge. Use the 
triangular mesh generated by
MODFRAC as an input to 
generate the tetrahedral mesh.

GHS3DMODFRAC

→ Dedicated software GHS3D (Inria Gamma), an efficient unstructured volume mesh generator.

P.-L. George, H. Borouchaki, F. Alauzet, A. 
Loseille, P. Laug, L. Maréchal. ISTE Group.
2018.

H. Borouchaki, P. Laug, P.-L. George. 
International Journal for Numerical 
Methods in Engineering. 2000.
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On a Laptop
4 cores

Intel(R) Core(TM) 
i7-7820HQ CPU 

@ 2.90GHz
32GiB RAM

4 POSIX-threads

On a Mac Cluster
16 cores

Intel(R) Xeon(R) 
W-3245 CPU @ 

3.20GHz
64GiB RAM

Sequential run

Mesh generation

CANUM 2026

Bonus

The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ

2D main challenge. Small angles, 
up to millions of fractures.

P. Laug, G. Pichot. MASCOT 
IMACS Series in 
Computational and Applied 
Mathematics, Vol. 22. 2018.

H. Borouchaki, P. Laug, P.L. 
George. International Journal 
for Numerical Methods in 
Engineering. 2000.

MODFRAC
Inria Gamma, Serena & UTT.

Parallel unstructured surface mesh generator 
with a user input minimum quality.

3D main challenge. Use the triangular mesh generated by
MODFRAC as an input to generate the tetrahedral mesh.

GHS3D
Inria Gamma.

Unstructured volume mesh generator.

P.-L. George, H. Borouchaki, 
F. Alauzet, A. Loseille, P. 
Laug, L. Maréchal. ISTE 
Group. 2018.

H. Borouchaki, P. Laug, P.-L. 
George. International Journal 
for Numerical Methods in 
Engineering. 2000.
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Networks with a large number of fractures 

CANUM 2026

Bonus

Fractures = disks.

e.g.: L20 is a cube of side 20 m. 

LabCom fractory:  
❑Itasca Consultants (France)
❑Géosciences Rennes
❑CNRS

P. Davy, R. Le Goc, C. Darcel, O. Bour, J.-R. 
de Dreuzy, R. Munier. Journal of 
Geophysical Research: Solid Earth. 2010.

P. Davy, R. Le Goc, and C. Darcel. Journal 
of Geophysical Research: Solid Earth. 2013.
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Rock matrix hydraulic conductivity 
and fracture network tangential transmissivity

CANUM 2026

Bonus

• “1v100”. Rock matrix: Km = 1 m/s. Fracture network: Kf = 100 m2/s (the same for all fractures)

• “heter”. Rock matrix: Km = 10-8 m/s. Fracture network: Kf takes one value per fracture in the range
[10-6, 20] m2/s (data from LabCom fractory)

The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 40 / 24



CANUM 2026

Geometry complexity impact on solver convergence

Bonus

+ Simulations with 90k fractures now possible.
- Convergence of the iterative method slows down (time and iterations) as the complexity of the fracture 
network increases.

1. Choose a test case: [L80-FPM-1v100].
2. Choose other geometries with a lower number of fractures: [L50-FPM], [L20-FPM]. + 1v100.
3. Refine so as to obtain the same number of tetra. → ~Same number of dofs: 

[L50fine-FPM-1v100], [L20fine-FPM-1v100].

Sequential PCG-AMGCL. Solver tol.: 10-14.
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Strong scaling

Bonus

Solve the same linear system with an increasing number of MPI processes.
Test case: [L60geo-FPM-1v100]: 40k fractures, 19M dofs.

+ Strong scaling OK w.r.t. iterations (35-40).
- Wall-clock time saturation beyond 512 MPI procs. 
“Sweet spot” : ~36k dofs / sbdm.

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90. 

x2

x2

x2
x2

x2

÷4.1
÷3.3

÷2.7
÷2.0
÷1.2

÷2.4
÷2.1

÷1.6
÷1.0
÷1.0

The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 42 / 24



CANUM 2026

Weak scaling

Bonus

1. Choose a test case: [L60geo-FPM-1v100], 40k fractures
2. Refine and generate linear systems: [L60fineA-FPM-1v100],

[L60fineB-FPM-1v100], [L60fineC-FPM-1v100]. 

3. Decompose so as to keep the number of dofs constant
per sbdm.: ~36k dofs/sbdm.

+ Weak scaling OK w.r.t. iterations (38-39).
- Wall-clock time saturation after the first refinement.

GMRES + HPDDM GenEO - RAS. Solver tolerance : 10-14. GMRES restart : 90. 

x2.0

x2.0
x1.9 x1.9 x2.3

The spectral domain decomposition method GenEO as a robust preconditioner for single-phase flow in fractured porous media - Daniel ZEGARRA VASQUEZ 43 / 24



Ill-conditioned and large and linear systems

CANUM 2026

Bonus

Shape of the linear system matrix from
a very coarse test case (not presented

here)
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