A structure-preserving Hybrid Finite Volume scheme

for an anisotropic cross-diffusion system

2

Virginie Ehrlacher? Annamaria Massimini’? Julien Moatti®

1 ENPC, Institut Polytechnique de Paris 2 INRIA 3 Bordeaux INP

ParisTech

CANUM 2026 — Modélisation et approximation numérique de systemes multi-especes



@ Introduction to the model



Motivation: Modelling anisotropic diffusion in solids

It describes the diffusion of I+ 1 chemical species in solids!, in a (nonempty) connected
bounded open domain Q c R over time:

Pressure

gauge Quartz tube

—_— — ——

{mmp Gas outlet
Substrate |

Quartz boat

Gas inlet
Ca, Ha, Np

Example: Diffusion in solar panel production.

The unknowns of the model are the species volume fractions uy(x, 1),..., us(x, 7).

1Anisotropic version of cross-diffusion models studied in Bakhta and Ehrlacher 2018; Canceés and Gaudeul 2020



The continous model for I + 1 species

We consider multi-species diffusion systems of the form:

6tui—V-

> N0 (Vi — uivuj)) =0, i€.%.
J#i

with:
o Aji=Ajie QR %) and there exists 0 < 1, < 1. < cos.t. V¢ € RY

IEIZ <& Ay & < L NIENP.



The continous model for I + 1 species

We consider multi-species diffusion systems of the form:

atui—V'

> Ay (wVu;— uiVuj)) =0, ieY.
J#i

with:
o Aj=Ajie [°(Q;RY9) and there exists 0 < A, < 1y <cos.t. V¢ € RY

MlEN? <& Agi(0) & < A4lIEN2

« no-flux boundary conditions and initial data, for all i € .%,

. I . .
ui(0,0)=u(x)=0, Y uw'(x)=1, ae inQ, and f u (x) dx > 0.
i=0 Q



The continous model for I + 1 species

We consider multi-species diffusion systems of the form:

atui—V-

2 Ayi(0 (wVu; - uiVuj)) =0, ie€.
J#i

with:
o Njj=Ajie L fo‘i) and there exists 0 < A, < Ay <oos.t. V¢ € R

MlIEN? <& A0 & < MIIEN°.

» no-flux boundary conditions and initial data, for all i € .%,

. I . .
ui(0,0=u(x) =0, Y u'(®=1, aeinQ, and f u;'(x) dx > 0.
i=0 Q

[ The volume-filling constraint is propagated: Yieq, Ui(t,x) = 1. J




The continuous model for I species

Therefore, the diffusion can be expressed in terms of the I volume fractions
w:=(u,...,up) " only:
0;u—div(D(x, u)Vu) =0,

where we set I
Up = 1- Z Ui,
i=1

and

Dix,w) = Y (Nj0)—-Ap()uj+Apx), and Dy(x,u) = —(Aj(x)—Apx)w;, forj#i.
1<j#i<I



The continuous model for I species

Therefore, the diffusion can be expressed in terms of the I volume fractions
u:=(uy,..., uI)T only:
0;u—div(D(x, u)Vu) =0,

where we set I
u=1-Y u;,
i=1

and

D)= ) (Nj(0)-Ap())uj+Ap(x), and Dy(x,u) = —(Aj(x)—-Apx)u;, forj#i.
1<jAi<]

In the following, we call

I
d::{u:(ul,...,uﬂ:u,->Oand Z”i<1}'

i=1



@ Properties of the continuous model



Properties of the continuous model

> Mass Conservation: For each species i € .9,

fui(t,x)dx:f uiin(x)dx>0
Q Q



Properties of the continuous model

> Mass Conservation: For each species i € .9,
f u;(t,x) dx = [ uiin(x) dx>0
Q Q
> Entropy Functional: Given the entropy density #: [®(Q; /) — R,

I
F€(u) ::f h(u) dx, h(w) :=)_ u;logu;
Q

i=0



Properties of the continuous model

> Mass Conservation: For each species i € .9,
f u;(t,x) dx:f uiin(x) dx>0

Q Q

> Entropy Functional: Given the entropy density /¢ : Lm(Q;g) - R,
I
S (u) = f h(u) dx, h(u) = u;logu;
Q i=0

> Formal Gradient Flow Structure:
M(x, u) := D(x, w) (D?h(w)) "

0;u—div(M(x,w)Vw) =0, with {w:zh’(u)=(log(3_$))1gsf



Properties of the continuous model

> Mass Conservation: For each species i € .9,
f u;(t,x) dx:f uiin(x) dx>0

Q Q

> Entropy Functional: Given the entropy density /¢ : Lm(Q;g) - R,
I
S (u) = f h(u) dx, h(u) = u;logu;
Q i=0

> Formal Gradient Flow Structure:
M(x, u) := D(x, w) (D?h(w)) "

0u—div(M(x,y)Vw) =0, with {w::h’(u):(log(%))

1<i<I

> Entropy Decay:

%Jf(u(t)):—%(u(t))s 0, with Z(w) :=f Vw: M(x,u)Vw = 0.
Q



Existence of global-in-time bounded weak solutions’

1) Existence of the (discrete-in time and regularized) model: In the entropy
variables and reconstruct u a posterior via the inverse map:

Wi

_ 1/ _ (11 _
w=hw = u=("h) (w)—(—HZ}Llewj

) e <l0,1].
1<i<I

1 Boundedness-by-entropy method, (Jiingel 2016; Bakhta and Ehrlacher 2018)



Existence of global-in-time bounded weak solutions’

1) Existence of the (discrete-in time and regularized) model: In the entropy
variables and reconstruct u a posterior via the inverse map:

Wi

_ 1/ _ (11 _
w=hw = u=("h) (w)—(—HZ}Llewj

) e <l0,1].
1<i<I

2) Compactness: It follows from the fact that

Z(u)

1
f Vw:Mx,uylVw = - A,juiuj|Vlnu,~—Vlnuj|2
Q 2 i#] Q

vV

IV u;l? d
i

I
A f =) Vu?
b;} o 0 7;) Q| z|

which provides uniform L2(0, T; H' (Q)))-bounds, with T > 0 some final time.

1 Boundedness-by-entropy method, (Jiingel 2016; Bakhta and Ehrlacher 2018)



@ Hybrid Finite Volume discretisation



Motivations and difficulties

1) Work on a general mesh

10



Motivations and difficulties

1) Work on a general mesh

2) Preserve the properties of the continuous model
- positivity and bounds of the volume fractions

- decay of entropy,

preservation of the form of the steady states.
- conservation of the total mass

- conservation of the volumic constraint

10



Motivations and difficulties

1) Work on a general mesh

2) Preserve the properties of the continuous model
- positivity and bounds of the volume fractions

- decay of entropy,

preservation of the form of the steady states.
- conservation of the total mass

- conservation of the volumic constraint

3) Have unconditional convergence

10



Starting from the literature
Entropy-preserving FV Finite differences / FEM

N

Issues:
* Mostly isotropic diffusion
¢ TPFA-based methods

¢ Require orthogonal meshes

Examples: Canceés and Gaudeul 2020;
Jiingel and Zurek 2020

Open problem

Issues:
¢ Restricted mesh families

 Positivity/bounds preservation

Examples: Sun, Carrillo, and Shu 2019;
Braukhoff, Perugia, and Stocker 2022;
Aznaran et al. 2025; Gémez, A. Jiingel,
and Perugia 2025

Structure-preserving schemes for cross-diffusion on general meshes
Ehrlacher, Massimini, and Moatti 2026; Berrens and Eymard 2026

11



Finite Volume & Cross-diffusion: how to approximate the normal fluxes?

1) We integrate each equation over K:

fatui+fV-F,-:0, iey.=1{1,...,1},
K K

and solve the system in ©;x = constant over K.

12



Finite Volume & Cross-diffusion: how to approximate the normal fluxes?

2) We use the divergence theorem to rewrite the divergence
term as a boundary integral:

f@tui+ > [Fl--n,(,a:o, iedg:=1{1,....1,
K o

O’Eéa[(

and solve the system in u;x = constant over K.

12



Finite Volume & Cross-diffusion: how to approximate the normal fluxes?

3) We use backward Euler (with 1" = nAt, n=1):

n _ ,n-1

u. u.
%mu Y Fliy=0, ieg:={1,..,1I.

O'Eéa](

12



Finite Volume & Cross-diffusion: how to approximate the normal fluxes?

3) We use backward Euler (with t" = nAt, n=1):

ut — !
KK K|+ Y Fl, =0,  i€eg:i={1,..., I
At ge&k

Difficulty: Nonlinearity of the flux: how to define

I
Fley == LZ Djj(x, u)Vuj-n) ?
j=1

o
How to approximate u; on o?

12



Finite Volume & Anisotropy: how to approximate the normal gradient?

Orthogonal mesh General mesh

. ~ Uk—Uur
Vinge ® ] Vu-ngg =%

13



Why Hybrid Finite Volume?

On a general mesh (but for other simpler diffusion models):

- Chainais-Hillairet et al. 2022 HFV for the heat equation
- Moatti 2023 HFV for semiconductor models

They obtained positivity/bounds on the solutions!

14



Mesh definition

General polygonal/polyhedral meshes
M setofcells, &: setofedges, £ ={xx}ge.« : setofcell centres
such that for each K€ .4

e xx € K and K is star-shaped with respect to xx Cell K Cell L

o di o :=d(xg, /y) >0, where 5 is the
hyperplane containing o

= ) dgelol=dIK|

O'Eéal(

where &k is the set of edges belonging to 0K. Face o
o=K|L

15



Discrete unknowns

Unknowns:
uir, Uig, Ket,c€eé, ie ¥
Notation
ug = (Ui ies) Uy = (Uio)icy
Uiz = (Ui kett» Uig)es), Ug = (Ujg)icy

Uy,

16



Discrete gradient

Cell K Cell L
Pk »: pyramid with base o and apex xx

ng,q: outward unit normal to K at o

vg = (WK kett, Vo) oes)
Face o

On each cell K, Vxvg is piecewise constant and defined? on each Px s by

Vi Vg |pK1(7 = VK,O' Vg = GK,O' %7}
where:

Gk,o Vg = ﬁ Yol lo"|(vg' — vK) DK 5 (consistent part)

2 Eymard, Gallouét, and Herbin 2010

17



Discrete gradient

Cell K Cell L
Pk »: pyramid with base o and apex xx

ng,q: outward unit normal to K at o

vg = (WK kett, Vo) oes)
Face o

On each cell K, Vxvg is piecewise constant and defined? on each Px s by

Vkvglpe, = VioVa = GkoVg + Sk,o Vg

where:
Gi,o Ve 1= Ty Lo'es 10| (Wor = V) Dk, or = 17 Loresy |07 |V Mk o (consistent part)
SkoVgp 1= TIW (vg — vk — GgoUg - (Xg — xK))nK,g (stabilisation)

2 Eymard, Gallouét, and Herbin 2010
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Stability of the discrete gradient

There exist constants ¢, C > 0 such that, for all vy,

2 2 2
Clv@ll,K = ”vKV@”Lz(K) = C|U92|1,K-

with

2 o] 2
|v@|1,K: Z d (vk — V5)%,
gebk K,o

and ¢, C depending only on Q and 0.

18



Defining numerical fluxes via entropy variables

> In Hybrid Finite Volume, even if / = 1 and D;j(x, 1) = A(x) (linear), and we
approximate

fFi'nK,az_fA(x)vu'nK,U — FKJ(E@): Z A[/}'UU (ug — ug),
o o

O'/E((;K

we do not preserve bounds on the solutions!!

19



Defining numerical fluxes via entropy variables

> In Hybrid Finite Volume, even if / = 1 and D;j(x, 1) = A(x) (linear), and we
approximate

f Fi-ngg= _f AX)Vu-ngs — FKJ(H@) = Z AI[;UU (ug — ug),
o o

o'eSk
we do not preserve bounds on the solutions!!
> In Chainais-Hillairet et al. 2022, nonlinear reformulation in entropy variables
Vu=uVlogu

is used to recover lost structural properties:
—f ul(x)Vlogu-ng,, — rx(Uy)Fro(log(ug)),
g

where

1 Z Ug + Uy

i) = ] 2

O'E(ga[(

is the cell reconstruction.
19



Discretising the gradient flow formulation

> In our case, fluxes are already nonlinear. The key design choice is to discretise the
gradient flow formulation!

> We hence discretise the gradient-flow formulation in the entropy variables w
0ru(w) —div(M (x, )y Vw) =0
where

Mii(x, u) = Mg uoui+ ) A uwj, and  M;(x,u) = —Aj(0)uw, forj#i,
J#i

> The volume fractions are reconstructed via

eLU,'
u= 1 1 wj
+ Y4 el
ZFl 1<i<I

20



Discrete bilinear form

Given a cell K € ./, we define an approximation of

(u;w,)-—»f ViMewVw=)Y > | M, wVw;-Vu,
K icd jeg K
under the form

T (U Wi, V) =Y Y f Mij i (, ) Ve Wy - Vi Vg
ic g jeg /K

for all (uy, wy, vy) € (Z‘If)B, where

M (6, 1) = Mg (0T (2 ) T () + 3 M0 Tie () Tie (1),
8)) o

Mij k(% ) := = Agi(0) T () T (W), for j# i

with Uy =1 —Yies Ui

21



Local reconstruction

For any vy € Vy,

Y. m(vk, vo),

1
rk(Vg) = ——
K |60K| oeéx
where m: (R})? — R* is the arithmetic mean:

m(x,y) := %/, forall (x,y) € (Rfr)z.

22



Definition of the scheme

Find w; € Zg for 1 < n< N such that:

1
—1 I _ s4
E(ufﬂ—uf% ,Vﬂ)Lz(Q)y‘l'T@(l_t%;w'dl)y@)—0» VEQEZ@’
eWis
4 g?@Z—” , Vie g,
w'
1+ Yjep e

0 :Lf Ut YKe ., i€ %
iK |K| X i’ ’ .

23



@ Main results

24



Properties of our HFV scheme

> Discrete Mass Conservation: For each species i,

n 0 in
u. :f u.: :f u.
L M Q M Q i

> Discrete Entropy Functional: :

) = ) = f W)=Y | uialoguia),
Q l.Eﬂ()
> Discrete Entropy Decay:
AW") - W)
At
with Zg (U, (W) := Ty (Uy; Wy, wy),

+R9(uy) <0, V1sns<N,

25



Existence of bounded discrete solutions

Theorem (Existence)

For any mesh 9 = (,8) and time step At > 0, the scheme admits a solution such that:

n n
. 0<”i1<<1' 0<ul.a<1,

I I
n _ n _
¢ ZuiK_l’ Z“w—l’
i=0 i=0

forallKe 4 andallo € é&.

Indeed:

—eﬂi@ 0,1), 1<i<lI
U, = € (0,1), <I1=<1,
=D 1+Z]I':1 ij@
and

I
Y ug,=1  volumic constraint
i=0



Compactness via dissipation

Let w,, € Zé ,and u,, € Zé the corresponding concentrations. The following inequality

holds:
Rp(Uy) = Cog . Y. Z log(uiK, Uiy) (log(uiK/uia))z-
i€ Keld aeé"K
=z Clog Z |”19|1 P
i€

> m(x,y) = m°8(x, y) is employed to reproduce a "discrete chain rule"
M8 (uig, i) 10g (Ui | Uig) = Uik — Ui
> the arithmetic mean is essential to deduce a volume-filling constraint

Y mluik, uig) = 1
€%

27



Consistency of the "flux" term

1. The dissipation gives uniform bounds on the discrete gradient of the volume
fractions

. N
00> AW+ Crz ) ANRyup)= ). Z Atlluly 55 VNeN'.
n=1 iEJO

Hence the flux defined via an approximation of the tensor D converges to the
continuous one

ZZ DU( Up) Vil - ViV — ZZ | Dii, Vi Vo
i=1j=1 i=1j=1

28



Consistency of the "flux" term

1. The dissipation gives uniform bounds on the discrete gradient of the volume
fractions

. N
00> AW+ Crz ) ANRyup)= ). Z Atlluly 55 VNeN'.
n=1 iEJO

Hence the flux defined via an approximation of the tensor D converges to the
continuous one

ZZ DU( Up) Vil - ViV — ZZ | Dii, Vi Vo
i=1j=1 i=1j=1

2. Ingeneral
f Dij(, ug) Vg -V Vyge  # ZZ | M tg) Vi e Vi
i= 1] 1 i=1j=1

We need to show they are consistent to conclude!

28



Convergence of the scheme

Theorem (Convergence)

Let (2, Aty) be a refining sequence, i.e. such that hg, s, — 0 and 04, < 0 < co. Then, up
to a subsequence,

uie — u; strongly in I*((0, T); [*(Q)),
re(uie) — w;  strongly in I*((0, T); [*(Q)),
Vouip —Vu; weakly ian((O, T);LZ(Q)),

where u is a weak solution of the continuous system.




@ Conclusion

30



To summarise

> We constructed the first HFV scheme for anisotropic cross-diffusion systems on
general meshes, using entropy variables.

> The scheme converges unconditionally and it is fully consistent with the structure
of the problem:

preservation of non-negativity,
volume constraints,

mass conservation,

entropy dissipation.

31



Perspectives

> Numerical simulations (ongoing work).

> Extension of the method to other cross-diffusion systems: SKT (with Ehrlacher,
Harnist, Moatti, Zurek), Maxwell-Stefan, Quastel3 el

3Quastel 1992
32



Perspectives

> Numerical simulations (ongoing work).

> Extension of the method to other cross-diffusion systems: SKT (with Ehrlacher,
Harnist, Moatti, Zurek), Maxwell-Stefan, Quastel3 el

Thank you for your attention!

3Quastel 1992
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