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•Lubrication


Context

A Mudflow provocated 
by rain

Forces affecting macroscopic behavior :

Particles in a viscous fluid
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<latexit sha1_base64="lvFiydF9LEF0AC9moVRCmGJ6ZyI="></latexit>

ω = Viscosity

<latexit sha1_base64="oU7gq4dG3WdoT/JMaD3ir8q9doA="></latexit>

g = Gravitational
<latexit sha1_base64="wmT0JWkMZ/p310wpNZoQejY/tMo="></latexit>

Force

•Solid Contact •Frictional Contact


<latexit sha1_base64="xJBqUFuC8NC3AaKl5JBnfP58D00="></latexit>

µ = Friction Coe!cient



• Contact Dynamics: 

No Explicit Force

A stiff problem

Lubrication force

<latexit sha1_base64="u9Bk9uj+hK1Um4lWZlSBzW3GIEU="></latexit>

Flub(q) = →6ωεr2
q̇

q

Regularization

<latexit sha1_base64="Uwnf9UIcvyiMhZj/SMetTNB+6pQ="></latexit>

=)
•  Taking lubrication into 

account until contact

• Numerical Scheme Without 

Stiffness

No Lubrication
• DEM : Explicit Force

<latexit sha1_base64="CMobh1V2HSlkpzRAJG+KUdCCAwE="></latexit>q
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Flub
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<latexit sha1_base64="d9EXQMuS9QiD9hvUNkHHXr0M6To="></latexit>

q = Distance

Two methods

• Cox, R. G. (1974). The motion of suspended particles almost in contact. International Journal of Multiphase Flow



Modeling lubrication: the gluey contact model

Lubrication force

<latexit sha1_base64="u9Bk9uj+hK1Um4lWZlSBzW3GIEU="></latexit>

Flub(q) = →6ωεr2
q̇

q

Solving Differential Equation

<latexit sha1_base64="CZ0dMrFaos4NVqADaGEoPEBVsTs="></latexit>

Time (s)

<latexit sha1_base64="nipRAlMlP7vxEpKQyvDkTNRLYGc="></latexit>→mg
<latexit sha1_base64="dBDZavage8uUyNRWGHHmzuj5p9E="></latexit>

+mg

<latexit sha1_base64="iF191luiywrKY2YGliC6MncL+oo="></latexit>

ω = εln(q)

<latexit sha1_base64="daRcnLcmbgKY7kj0eTeEJ33KczQ="></latexit>g

Pushing phase

Pulling phase

<latexit sha1_base64="K4AVlQhmO1N06gULzEGEMm3Y27U="></latexit>

mq̈ =






→mg → 6ωεr2
q̇

q
if t < 2

+mg → 6ωεr2
q̇

q
if t ↑ 2

4
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ω
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q = Distance

• Cox, R. G. (1974). The motion of suspended particles almost in contact. International Journal of Multiphase Flow



Modeling lubrication: the gluey contact model

Adapted model with solid contact

No contact No contact

Lubricated contact
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ω
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q̇+ = PCq,� q̇
�
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�� = 0

q = 0
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R sinon

Impact Law



Modeling lubrication: the gluey contact model

Adapted model with solid contact

No contact No contact

Lubricated contact

Solid contact

5
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Modeling lubrication: the gluey contact model

Adapted model with solid contact

No contact No contact

Lubricated contact

Frictional contact

5
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Numerical 
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A discrete minimisation problem
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A dual problem
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1
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m
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�
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Kk = u 2 R2 s t

����
�D ��tun  0
D +�tun  0, si �k < 0

<latexit sha1_base64="Y4lMGWTOMxiNq/imOri8Lhj6am0="></latexit>

min
(f+,f→)→K

E(f+, f↑)

Discretizing the continuous model : Viscosity Without Friction

<latexit sha1_base64="MmCBuHwzVD+RXHVpedyOcAMw2Wc="></latexit>

K = {(f+, f→), f+ → 0, f→ → 0}

<latexit sha1_base64="CaMJ19kIi8fPLVzXYUep6AIDSbk="></latexit>

uf = Uk+1 +!t 1
m (f+ → f→).n

<latexit sha1_base64="E++rHDWK8Wk1dXnSvP1fdPOC0t8="></latexit>

E(f+, f→) = (f+ → f→)[(Dk +!t(ufn+Un

2 )] + cst

Convergence results have been established
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Discretizing the continuous model

<latexit sha1_base64="cfEIRF0k1vAtCgN8HBdGGZAE2Q4="></latexit>

K = {f = f+n, f+ → R+}
<latexit sha1_base64="TbnriY77qbsN/EI0ojSvvzaeRZk="></latexit>

K = {f = (f+ → f→)n, (f+, f→) ↑ R+2}
<latexit sha1_base64="Awfbq77+uNdHlx1TG7s3jxnNqgM="></latexit>

K = {f = (fn)n+ fT, |fT| → µfn}

A unified formulation of the problem
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fT

Inelastic Lubrication Friction

Coulomb Friction
7
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!t = Time Step

Solved using a Projected Gradient Method


<latexit sha1_base64="CzkwFsKH8OkRPH/nToPbzyz5j9g="></latexit>

min
f→K

E(f) = fn[Dk +!tUf+U
2 · n] +!tfT · Uf+U

2
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J(u) =
1

2
|u�Uk+1|2, Uk+1 = uk +�t

1

m
Fk

• D.E. Stewart. Convergence of a Time-Stepping Scheme for Rigid-Body Dynamics and Resolution of Painleve’s Problem. Archive for Rational Mechanics and Analysis 

• V. Acary, F. Cadoux, C. Lemarechal, and J. Malick. A formulation of the linear discrete coulomb friction problem via convex optimization. ZAMM-Journal of Applied Mathematics and Mechanics

An Issue With the Frictional Formulation
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Kk = {(fn, fT), µfn → |fT|}
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The dual problem for friction
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The primal problem
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The primal problem with fixed point
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• D.E. Stewart. Convergence of a Time-Stepping Scheme for Rigid-Body Dynamics and Resolution of Painleve’s Problem. Archive for Rational Mechanics and Analysis 

• V. Acary, F. Cadoux, C. Lemarechal, and J. Malick. A formulation of the linear discrete coulomb friction problem via convex optimization. ZAMM-Journal of Applied Mathematics and Mechanics

An Issue With the Frictional Formulation
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Discretizing the continuous model

Inelastic Lubrication Friction
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A unified formulation of the problem

Lubrication + Friction

Coupling
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min
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Coupling Lubrication And Friction

Lubrication + Friction

A unified formulation of the problem
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Convergence of the gradient algorithm : Idea of The Proof

12

Pull Case

<latexit sha1_base64="sMSveHSDPPCNBAuqKFyBBtOP9KU="></latexit>

min
K+

<latexit sha1_base64="wYWtvaWEFqcqph5QLb1mQkrpHbo="></latexit>

min
K→

Push Case

<latexit sha1_base64="wYWtvaWEFqcqph5QLb1mQkrpHbo="></latexit>

min
K→

<latexit sha1_base64="sMSveHSDPPCNBAuqKFyBBtOP9KU="></latexit>

min
K+



Convergence of the gradient algorithm : Idea of The Proof
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Convergence of the gradient algorithm : Idea of The Proof
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Pull Case (fixed point convergence)
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<latexit sha1_base64="sMSveHSDPPCNBAuqKFyBBtOP9KU="></latexit>

min
K+



2D Numerical simulations and validation

<latexit sha1_base64="BPC/hscwFp/9OLVxQ/f3pCsoSqk="></latexit>

ωp = 2500kg.m→3

<latexit sha1_base64="5eMcSOR1mJQdaOtk+IdCEexRjOw="></latexit>

ωf = 1500kg.m→3

<latexit sha1_base64="PpBAKNGQ5Nlyp9m2vQT8MNpi5fc="></latexit>

µ = 0.3

Step 1 : Sedimentation of grains on a plane Step 2 : Change angle and measure of 
stationary flow

<latexit sha1_base64="9LZNROZfh/EwE1siS23SwCBTeBc="></latexit>

Roughness = 1µm

<latexit sha1_base64="z8p74/G/+xYkeOy+2brw2U6CSOg="></latexit>

ω

<latexit sha1_base64="LJyLORblbnpWMR1+ne5p7AfoEMM="></latexit>

ω = 10→3Pa.s

Numerical Parameters :

<latexit sha1_base64="oqzICNIEJe0SzXKanLy+5m0jTBI="></latexit>

ω = 15°-28°

<latexit sha1_base64="nwcrmZICyuWz7HZ+mFvnU0nDky8="></latexit>

Particles Radius = 1mm± 20%

Simulations done with Scopi : https://
github.com/hpc-maths/scopi 14
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Numerical simulations and validation

<latexit sha1_base64="YaqcsUwD7QvJPVtaD3DyhTdq+Oo="></latexit>

ω = 17°

<latexit sha1_base64="y51in6uOEcUBUMOsUBqUcZXr9NU="></latexit>ωmin
<latexit sha1_base64="Fqvr951VW0NoOM3JXqLzSRK1x6o="></latexit>

0
<latexit sha1_base64="YcxP4WRNB9u0JXck0tVfc385fdw="></latexit>

Lubrication
<latexit sha1_base64="6B236X5qUnxo+Ib2+mWSff11ekM="></latexit>

Friction

15
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Conclusion and Future Direction

• Current Achievements

Development of a model integrating:

Lubrication forces

Solid contact

Frictional interactions


Validation of the model and numerical algorithm

• Short-Term Perspectives

Study of the transition between lubricated and frictional regimes

Study of the number of frictional contacts

Local analysis of different physical parameters 

Investigation of hysteresis effects on the flow angle



Thank    



Modeling lubrication: the gluey contact model

Adapted model with solid contact

No contact No contact

Lubricated contact

Solid contact

5

<latexit sha1_base64="F6jm2qeDUEMzIfyJt2k7UsNFRhk="></latexit> q,
ω

<latexit sha1_base64="jnhf1em6VCCanrJlGGzMeonsJYI="></latexit>

q̇+ = PCq,� q̇
�

<latexit sha1_base64="i8B3ivyAIhInZUTyvSM6lD+ybhk="></latexit>

supp(�) ⇢ {t, q(t) = 0}
<latexit sha1_base64="z3u7zJE0n2WkqIrm+TK2EeYNsJM="></latexit>

supp(�) ⇢ {t, �(t+) = �min}

<latexit sha1_base64="iSdAU0llYXu2DSiOSixV1tYEeHA="></latexit>

q � 0, �min  �  0, � � 0

<latexit sha1_base64="lNedaesIF35XtvyzscnFsZmXefY="></latexit>

�̇ = ��+ �

<latexit sha1_base64="ZMWwvPzqoX1Ud9z/ZZgiliXeVbM="></latexit>

Cq,� =

<latexit sha1_base64="iWZbrEHWQzGl1NjpUbvnKpY3I+E="></latexit>

R+ si

<latexit sha1_base64="JR/mZSrgVGqRfVT7ohKopfYsVyc="></latexit>

{0} si �� < 0

<latexit sha1_base64="w4w3Ur2kLc0F9BT2cLSVNA69rhI="></latexit>

�� = 0

q = 0
<latexit sha1_base64="XQHsYGP7w+piKZeJuv1DgJZcg6w="></latexit>

R sinon

<latexit sha1_base64="c5w/3SxK3lNoTJBMyCf74iU0UjM="></latexit>

mq̈ = mfy + �


